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ABSTRACT
We consider critically the three most widely favored pulsar radio emission mechanisms:
coherent curvature emission (CCE), beam-driven relativistic plasma emission (RPE)
and anomalous Doppler emission (ADE). We assume that the pulsar plasma is one
dimensional (1D), streaming outward with a bulk Lorentz factor γs ≫ 〈γ〉 − 1 & 1,
where 〈γ〉 is the intrinsic spread in the rest frame of the plasma. We argue that the
formation of beams in a multi-cloud model is ineffective in the intrinsically relativistic
case for plausible parameters, because the overtaking takes too long. We argue that the
default choice for the particle distribution in the rest frame is a Ju¨ttner distribution and
that relativistic streaming should be included by applying a Lorentz transformation to
the rest-frame distribution, rather than the widely assumed relativistically streaming
Gaussian distribution. We find that beam-driven wave growth is severely restricted by
(a) the wave properties in pulsar plasma, (b) a separation condition between beam and
background, and (c) the inhomogeneity of the plasma in the pulsar frame. The growth
rate for the kinetic instability is much smaller and the bandwidth of the growing
waves is much larger for a Ju¨ttner distribution than for a relativistically streaming
Gaussian distribution. No reactive instability occurs at all for a Ju¨ttner distribution.
We conclude that none of CCE, RPE and ADE in tenable as the generic pulsar radio
emission mechanism for “plausible” assumptions about the pulsar plasma.
Key words: pulsar – radio emission – waves in relativistic plasmas - plasma insta-
bilities
1 INTRODUCTION
After 50 years of research on radio pulsars, the mecha-
nism by which pulsar radio emission is generated remains
an enigma. Several different emission mechanisms were sug-
gested in the 1970s and these have continued to attract both
supporters and critics over the decades, but no consensus has
been reached. We refer to the three mechanisms favored in
the 1970s as coherent curvature emission (CCE), relativistic
plasma emission (RPE) and anomalous Doppler emission
(ADE), each of which is defined and discussed briefly be-
low. For present purposes, we regard two other suggested
mechanisms, linear acceleration emission (LAE) and free-
electron maser emission (FEM), as variants of RPE.1 These
early suggested mechanisms were based on two assumptions:
first, that the emission occurs in polar-cap regions, defined
by magnetic field lines that do not close within the light-
cylinder radius and, second, that the ultimate source of the
radiant energy is through “primary” particles accelerated
from the surface of the star in the polar-cap regions, with
1 As pointed out by Lyubarskii (1996), LAE, FEM and induced
scattering may all be interpreted as a second stage in RPE.
“secondary” particles generated by pair cascades populating
the polar-cap regions with outflowing relativistic pairs.
Our purpose in this paper is to discuss CCE, RPE
and ADE critically, to determine whether any of them
is viable as the generic pulsar radio emission mechanism.
Our working hypothesis is that the similar features in all
pulsar radio emission is indicative of a single generic ra-
dio emission mechanism operating in all pulsars. Such a
generic mechanism should not be dependent on specialized
assumptions nor should it be restricted to specifically fa-
vorable locations, but should be robust enough to account
for essentially all pulsar radio emission. We retain the as-
sumption that the emission source is in the polar-cap re-
gions in outflowing relativistic pair plasma, so that we do
not consider alternative mechanisms, such as radio emis-
sion generated by reconnection in the plasma sheet beyond
the light cylinder (Philippov et al. 2019; Lyubarsky 2019).
We also argue against the assumption that the surface of
the star is an important source of “primary” particles, in
particular, excluding “multiple-sparking” models involving
hot-spots on the stellar surface (Ruderman & Sutherland
1975; Filippenko & Radhakrishnan 1982; Beskin 1982;
Gil & Sendyk 2000).
An important qualitative point concerning mod-
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els based on charges drawn from the stellar sur-
face is that they lead to a charge-separated electro-
sphere and not a polar-cp model. Charge-separated
models were proposed in the mid 1970s (Rylov 1976;
Jackson 1976). They were later developed in more detail
(Krause-Polstorff & Michel 1985a), when the name electro-
sphere was coined (Krause-Polstorff & Michel 1985b). These
models may be described as dome-disk models in which
charges of one sign form domes above the poles and charges
of the opposite sign form an equatorial disk. One criti-
cism of early dome-disk models was that they apply only
to the aligned case and are unstable, but a contrary argu-
ment was that the dome-disk model is the state to which
an aligned rotator relaxes (Smith et al. 2001). Another crit-
icism is that oblique dome-disk models are unstable to the
diocotron instability. The diocotron instability (Pe´tri et al.
2002) involves growing surface waves when two sheets of
charge slip past one another; it may be regarded as an ana-
log of the Kelvin-Helmholtz instability. However, detailed
numerical modeling (Spitkovsky 2004; Michel 2004) did not
support this criticism, showing that oblique dome-disk mod-
els are robust. Here we assume that charges drawn from the
stellar surface play no important role. In more recent mod-
els, in which the intrinsic time-dependence is taken into ac-
count (e.g., Timokhin 2010; Timokhin & Arons 2013), the
pair creation exhibits a limit cycle behavior that could be
considered similar to what is assumed in a sparking model.
We use the name “multiple-beam” to refer to any model in
which pair cascades result in localized transient clouds.
The properties of the pulsar plasma in the source re-
gion of the radio emission play a central role in any dis-
cussion of the radio emission mechanism. Despite signifi-
cant changes in our understanding of pulsar electrodynam-
ics since the 1970s, the general properties of the pulsar
plasma established at that time (e.g., Arons 1979) have
not changed greatly. It is widely accepted that the “pul-
sar plasma” is a relativistically outflowing, strongly magne-
tized, one-dimensional (1D), electron-positron plasma, cre-
ated by pair cascades, with a streaming Lorentz factor
γs ≫ 1, and with a relativistic spread, 〈γ〉 − 1 & 1, in its
rest frame. Models that do not rely on primary particles
from the stellar surface (Levinson et al. 2005; Beloborodov
2008; Lyubarsky 2009; Timokhin 2010), and Particle-in-
Cell calculations (Timokhin & Arons 2013; Philippov et al.
2015; Cerutti et al. 2016; Chen & Beloborodov 2017;
Kalapotharakos et al. 2017, 2018; Brambilla et al. 2018),
have not led to radically different models for the (time-
averaged) properties of the bulk of the pair plasma, com-
pared with earlier models. Here we assume that “plausi-
ble” parameters for the pulsar plasma correspond to pairs
streaming outward with a bulk Lorentz factor γs of order
102–103, and with an intrinsic relativistic spread with 〈γ〉
between a few and about 10 (Hibschman & Arons 2001;
Arendt & Eilek 2002). Numerical models for pair cascades
also imply the ratio, κ, between the number density of pairs
and ρ′cor/e, where ρ
′
cor is the corotation charge density. A
plausible value is κ = 105 (Timokhin & Harding 2015).
In discussions of the radio emission mechanism, a vari-
ety of different assumptions have been made, either explic-
itly or implicitly, concerning the value of 〈γ〉, including the
assumption that the plasma is either cold, 〈γ〉 → 1, or non-
relativistic, 〈γ〉 − 1 ≪ 1, rather than intrinsically relativistic,
〈γ〉 − 1 & 1, in its rest frame. We assume that “plausible”
properties for the pulsar plasma are γs ≫ 1, 〈γ〉 − 1 & 1,
κ = 105. We further quantify what we mean by “plausible”
parameters in Section 2.
We define CCE, RPE and ADE and comment briefly
on some of the arguments for and against each of them.
CCE: Curvature emission by a single particle with Lorentz
factor γ ≫ 1 in 1D motion along a curved magnetic field
line, with radius of curvature Rc , has a characteristic fre-
quency ω = (c/Rc)γ
3, with the frequency spectrum increas-
ing ∝ ω1/3 below this frequency, and falling off rapidly at
higher frequencies. The basic assumption in early versions
of CCE (Radhakrishnan 1969; Komesaroff 1970; Sturrock
1971; Ruderman & Sutherland 1975) is that the particles
emit coherently at low frequencies, in the sense that N
particles radiate N2 times the power per individual parti-
cle. There are qualitative properties of curvature emission
that lead to it continuing to be the favored mechanism for
the interpretation of observed features in the radio emis-
sion (e.g., Melikidze et al. 2000; Gil et al. 2004; Dyks et al.
2007; Mitra et al. 2009; Mitra 2017). However, the coherence
mechanism for CCE has long been recognized as problematic
(further discussion in Section 5).
RPE: Plasma emission, for example in solar radio bursts,
is a multi-stage emission process, and RPE is defined here
as the relativistic counterpart of plasma emission (Melrose
2017). The first stage in plasma emission is an electron
beam causing Langmuir waves to grow, and the other
stages involve nonlinear processes (or the effect of inho-
mogeneities) partly converting the energy in the Langmuir
waves into escaping radiation at the plasma frequency, ωp,
and its second harmonic. Various versions of beam-driven
RPE were suggested in the early literature on pulsar radio
emission (Tsytovich & Kaplan 1972; Suvorov & Chugunov
1973, 1975; Hinata 1976a,b; Hardee & Rose 1976, 1978;
Benford & Buschauer 1977a; Lominadze & Mikhailovskiˇi
1979; Lominadze et al. 1979; Lominadze & Pataraya 1982;
Asseo et al. 1983; Egorenkov et al. 1983; Lyubarskii 1992;
Asseo 1993, 1995; Weatherall 1994). Resonant beam-driven
growth occurs when the resonance condition, written here
as z = β, applies with β < βb, where z = ω/k ‖c is the phase
speed of the wave, β is the particle speed and βb is the beam
speed. (We define a speed β relative to the speed of light,
with γ = (1 − β2)−1/2 the corresponding Lorentz factor and
u = γβ the 4-speed.) The assumption that the growing waves
are “Langmuir-like” was questioned in some of the early
literature, and led to the alternative suggestion that the
beam generates Alfve´n waves (Tsytovich & Kaplan 1972;
Lominadze et al. 1982; Melrose & Gedalin 1999; Lyutikov
2000). Two other difficulties were recognized in early discus-
sions of beam-driven RPE. First, the growth rates for various
suggested instabilities in the first stage are too slow to be ef-
fective (e.g., Benford & Buschauer 1977a; Egorenkov et al.
1983; Lominadze et al. 1986), and it was suggested that
this can be overcome by appealing to what was called a
multiple-sparking model in the older literature (Usov 1987;
Ursov & Usov 1988; Asseo & Melikidze 1998; Usov 2002;
Gedalin et al. 2002), cf. Section 3.2. Second, the conversion
mechanism into escaping radiation is problematic, referred
to as a “bottle-neck” by Usov (2000). Details are discussed
in Section 6.
ADE: Due to the extremely strong magnetic field in a
MNRAS 000, 1–19 (2019)
Pulsar radio emission mechanisms 3
pulsar plasma, all electrons (and positrons) quickly radi-
ate away the perpendicular component of their energy, so
that they are in 1D motion along the field lines. This ex-
treme form of anisotropy is a source of free energy that can
drive an anomalous Doppler instability (Machabeli & Usov
1979; Lominadze & Pataraya 1982; Kazbegi et al. 1991;
Lyutikov et al. 1999b). In this case, the resonance condi-
tion for an electron with speed β is β/z − 1 = Ωe/ωγ, where
Ωe = eB/m is the electron cyclotron frequency. The major
difficulty with ADE is that the frequency is too high: the res-
onance condition and the wave properties require ω ≫ Ωe/γ.
We argue that this condition is too restrictive for ADE to
be plausible as the generic pulsar radio emission mechanism
(details in Section 7).
Wave dispersion in a pulsar plasma plays an impor-
tant role in our discussion of possible radio emission mech-
anisms. In three recent papers, referred to here as RMM1
(Rafat et al. 2019a), RMM2 (Rafat et al. 2019b) and RMM3
(Rafat et al. 2019c) we discussed aspects of the plasma
physics relevant to a pulsar plasma in detail. In RMM1
we discussed wave dispersion in the rest frame of a pulsar
plasma. In RMM2 we argued that the widely-made choice
of a relativistically streaming Gaussian (RSG) distribution
is artificial, and that a more realistic choice involves starting
with an appropriate distribution in the rest frame, Lorentz-
transforming this distribution and identifying the streaming
distribution as this Lorentz-transformed distribution (LTD).
The LTD is very much broader than any RSG in the highly
relativistic limit. This assumption underlies our negative
conclusions (RMM3) concerning the efficacy of beam-driven
wave growth. A notable difference that we identify for a
model based on LTD, compared with a model based on RSG,
concerns the conclusion that wave growth is due the reactive
version of the beam-driven instability, because the growth
rate of the kinetic instability would exceed the bandwidth
of the growing waves (Egorenkov et al. 1983). In contrast
we (RMM3) found that the much broader form of a LTD
model leads to much smaller growth rate for the kinetic in-
stability and a much larger bandwidth of the growing waves,
such that this inequality is reversed; we also found that the
large bandwidth precludes the existence of a reactive version
of the instability. Another notable consequence of a LTD
model concerns the requirement that the total distribution
of particles, that is the sum of the background and beam
distributions, have a well-defined minimum that separates
the beam and background distributions, in order for there
to be a positive slope in the distribution function (above the
minimum) to drive the kinetic instability. This separation
condition is much more difficult to satisfy for a LTD model
than for a RSG model. We discuss this problem further in
Section 4.
The properties of wave dispersion in the pulsar plasma,
and the instabilities that generate the waves, play a direct
role in RPE and ADE and an indirect role in the favored
version of CCE. We point out that oversimplified and
misleading assumptions relating to the wave dispersion
have been made, either explicitly or implicitly, in many
existing treatments of the instabilities involved. There is a
dichotomy in the literature from the 1970s on beam-driven
instabilities in a pulsar plasma between those who assume
the plasma to be cold or nonrelativistic in its rest frame and
those who took dispersion in the relativistic plasma into ac-
count (e.g., Egorenkov et al. 1983; Asseo & Melikidze 1998;
Lyutikov 1999; Melrose & Gedalin 1999; Melrose et al.
1999). On the one hand, the assumption that the plasma
is nonrelativistic in its rest frame underlies an (implicit or
explicit) assumption that a beam-driven instability causes
“Langmuir-like” waves to grow. Specifically the waves
that grow, in the rest frame of the plasma, are assumed
to have properties similar to those of Langmuir waves
in a nonrelativistic thermal plasma, notably, frequency
near the plasma frequency, ω ≈ ωp, or some relativistic
counterpart, longitudinal polarization and phase speeds
that can be driven by a nonrelativistic beam. This non-
relativistic assumption continues to be made in some
treatments of RPE (e.g., Eilek & Hankins 2016). On the
other hand, when the plasma is assumed to be relativistic,
〈γ〉 − 1 & 1 in its rest frame, the properties for the wave
dispersion are quite different. The dominating effects of
〈γ〉 − 1 & 1 on wave dispersion in a pulsar plasma have
been recognized since the 1970s (e.g., Kaplan & Tsytovich
1973; Lominadze & Mikhailovskiˇi 1979; Volokitin et al.
1985; Arons & Barnard 1986; Melrose & Gedalin
1999; Lyutikov et al. 1999a; Asseo & Riazuelo 2000;
Melikidze et al. 2014). As discussed in detail in RMM1, all
waves in such a plasma have phase speeds that are either
just below unity (subluminal), with γφ = (1 − z
2)−1/2 ≫ 〈γ〉,
or above unity (superluminal). This feature of the wave
dispersion is the basis for the statement: there are no
Langmuir-like waves in a pulsar plasma.
In Section 2 we discuss the parameters of the pulsar
plasma assumed here in treating the wave dispersion. In
Section 3 we discuss relativistic relative motions and beam
speeds, and the implications for resonance between a wave
and a beam. In Section 4 we summarize the properties of
wave dispersion in a pulsar plasma. In Sections 5, 6 and 7
we apply the results to critical discussions of CCE, RPE
and ADE, respectively. In connection with the discussion
of CCE, we identify three types of coherence mechanism:
superradiance, reactive instabilities and kinetic (or maser)
instabilities, and argue that none of them can account for
the postulated coherence in CCE. In Section 8 we summarize
our arguments concerning the viability of the suggested ra-
dio emission mechanisms. Our conclusions are summarized
in Section 9
2 PARAMETERS FOR A PULSAR PLASMA
In this section we summarize the assumptions made about
the pulsar plasma, and estimate the value of parameters
relevant to the wave dispersion.
2.1 Reference frames
In our calculations, three reference frames are of note: the
rest frame of the background K, the pulsar frame K ′ and the
rest frame of the beam K ′′. Frame K propagates outwards
with speed βs and corresponding Lorentz factor γs with re-
spect to K ′; frame K ′′ propagates outwards with βr, γr with
respect to K ′; and K ′′ propagates outwards with βb, γb with
respect to K. One has
γ′ = γsγ(1 + βsβ) = γrγ
′′(1 + βrβ
′′), γ′′ = γbγ(1 − βbβ), (1)
MNRAS 000, 1–19 (2019)
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where a single (double) prime denotes parameters in K ′
(K ′′). In particular, γs = γrγb(1 + βrβb) ≈ 2γrγb, where the
approximation applies for γr, γb ≫ 1. In RMM3 we show that
for maximum growth through weak-beam instability we re-
quire γb ≈ (10−20)〈γ〉, where 〈γ〉 is the average spread of the
background distribution in its rest frame, with the averages
defined as in RMM2.
2.2 Pulsar plasma
In a polar-cap model (e.g., Michel 1991; Beskin et al. 1993;
Mestel 1999; Lyne & Graham-Smith 2006) the source of the
radio emission is assumed to be on open field lines in a rel-
ativistically outflowing electron/positron plasma created by
pair cascades, referred to here as a “pulsar plasma”. In early
models charges were assumed to be drawn from the stel-
lar surface in the polar-cap regions, and accelerated to very
high energy by a parallel electric field, E ′
‖
in a vacuum gap
or double layer above the surface (Goldreich & Julian 1969;
Ruderman & Sutherland 1975; Arons 1979; Beskin et al.
1986). Such particles were referred to as “primary” particles
and they were assumed to be accelerated by E ′
‖
to Lorentz
factors γ′ = 106–107 where the acceleration is balanced by
energy loss through curvature radiation (Usov & Melrose
1995). The curvature emission produces γ-rays, which de-
cay into “secondary” electron-positron pairs in the super-
strong magnetic field. The secondary particles are further
accelerated by E ′
‖
, producing more γ-rays until the result-
ing pair cascade (Hibschman & Arons 2001; Arendt & Eilek
2002; Medin & Lai 2010) results in a dense enough plasma
to screen E ′
‖
above the gap or double layer, to maintain the
charge density at close to the corotation value ρ′cor.
2.3 Plasma parameters
We characterize the plasma by three plasma parameters:
the electron cyclotron frequency, Ωe = eB/m, the plasma
frequency, ωp = (e
2n/ε0m)
1/2 and the ratio, βA, of the Alfve´n
speed to the speed of light. No Lorentz factors are included
in our definitions of Ωe, ωp and βA. The number density n
′
in K ′ is related to n in K by n′ = γsn. As conventionally
defined the Alfve´n speed is vA = βAc = B/(µ0nm)
1/2 in K,
and this is much greater than the speed of light, βA ≫ 1,
in a pulsar plasma. We need estimates of Ωe, ωp and βA as
functions of the radial distance, r, with r referred to as the
“height” where no confusion should result.
An estimate of Ωe follows from the (polar) magnetic
field at the surface of the star, B∗ = 3.2×10
15(P ÛP)1/2 T, where
P is the pulsar period and ÛP is the period derivative, together
with the dipole approximation implying B = B∗(R∗/r)
3 for
R∗ < r ≪ rLC, where R∗ ≈ 10
4m is the radius of the star,
and rLC = Pc/2pi is the light cylinder radius. It is convenient
to write the dependence on r in terms of either the ratio
r/rLC ≪ 1 or the ratio r/R∗ ≫ 1. The plasma frequency in the
pulsar (primed) frame can be estimated assuming that the
electron density is greater than the corotation charge density
(divided by the fundamental charge e) by the multiplicity
factor κ. This gives ω′2p ≈ κΩ∗Ωe in K
′, with Ω∗ = 2pi/P the
rotation frequency of the star, implying ω2p ≈ κΩ∗Ωe/γs in
K.
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Figure 1. TOP: Contour plots of ωp/2pi as a function of γs and
r/R∗ for P = 1 s (thick) and P = 0.1 s (thin). We use κ = 10
5
and ÛP/P3 = 10−15 s−3 for all plots. The contours are at ωp/2pi =
107Hz (solid), 108Hz (dashed), 109Hz (dotted) and 1010Hz (dash-
dotted). The thin dotted horizontal lines are at r/rLC = 0.1 for
P = 1 s (upper) and P = 0.1 s (lower); and r/R∗ = 1 indicates the
stellar surface. BOTTOM: Contour plots of βA as a function of γs
and r/R∗ for 〈γ〉 ≈ 1.7 (thick) and 〈γ〉 ≈ 10 (thin). We use κ = 10
5
and ÛP/P3 = 10−15 s−3 and P = 1 s for all plots. The contours are
at βA = 10
4 (top solid), 105 (dashed), 106 (dotted), 107 (dash-
dotted) and 108 (bottom solid). The thin dotted horizontal line
is at r/rLC = 0.1 and r/R∗ = 1 indicates the stellar surface.
As fiducial values we assume P = 1 s and ÛP = 10−15 for
a normal pulsar, giving ÛP/P3 = 10−15 s−3. The value of ÛP/P3
is relatively insensitive to the variation in P and ÛP between
recycled pulsars, normal pulsars and magnetars. We further
adopt the fiducial values κ = 105, 〈γ〉 = 10 and γs = 10
3.
These values give, in K,
Ωe
2pi
≈ 26GHz
(
ÛP/P3
10−15 s−3
)1/2 (
r/rLC
0.1
)−3 (
1 s
P
)
,
ωp
2pi
≈ 1.6MHz
[(
κ
105
) (
103
γs
) (
ÛP/P3
10−15 s−3
)1/2 (
r/rLC
0.1
)−3]1/2 (
1 s
P
)
,
β2A ≈ 2.6 × 10
7
(
10
〈γ〉
) (
105
κ
) (
γs
103
) (
ÛP/P3
10−15 s−3
)1/2 (
r/rLC
0.1
)−3
.
(2)
The height r = 0.1rLC is close to the maximum usually
considered possible; a height of several tens of stellar radii
is considered more plausible, e.g., for r = 30R∗ one has
r/rLC ≈ 6.3 × 10
−3/P.
Figure 1 shows contour plots of ωp/2pi (TOP) and βA
(BOTTOM). We use κ = 105 and ÛP/P3 = 10−15 s−3 for all
plots. TOP: Contour plots of ωp/2pi as a function of γs and
MNRAS 000, 1–19 (2019)
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r/R∗ for P = 1 s (thick lines) and P = 0.1 s (thin lines). The
contours are at ωp/2pi = 10MHz (solid), 100MHz (dashed),
1GHz (dotted) and 10GHz (dash-dotted). The thin dotted
horizontal lines are at r/rLC = 0.1 for P = 1 s (upper) and
P = 0.1 s (lower); and r/R∗ = 1 indicates the stellar surface.
BOTTOM: Contour plots of βA as a function of γs and r/R∗
for 〈γ〉 ≈ 1.7 (thick lines) and 〈γ〉 ≈ 10 (thin lines). The con-
tours are at βA = 10
4 (top solid), 105 (dashed), 106 (dotted),
107 (dash-dotted) and 108 (bottom solid). The thin dotted
horizontal line is at r/rLC = 0.1 and r/R∗ = 1 indicates the
stellar surface.
Another parameter that appears is the radius of curva-
ture, Rc, of the magnetic field lines. For the polar-cap model,
an approximate estimate (Kaganovich & Lyubarsky 2010) is
Rc ≈ (rrLC)
1/2 ≈ 1.5 × 107m
(
P
1 s
) (
r/rLC
0.1
)1/2
. (3)
2.4 Source height
The source region of the radio emission is uncertain, par-
ticularly the emission height (Gupta & Gangadhara 2003;
Dyks et al. 2004; Karastergiou & Johnston 2007). For exam-
ple, Johnston et al. (2008) argued that the emission height
changes from high in young pulsars to low in older pulsars,
with emission from a broad range of heights for interme-
diate ages. More recently, Mitra (2017) summarized three
different ways of determining the height from observational
data, and concluded that the source height is at r/rLC < 0.1.
With r/rLC ≤ 0.1, our fiducial values give Ωe/2pi ≥ 26GHz,
ωp/2pi ≥ 1.6MHz, and βA ≥ 5.1 × 10
3.
The various specific estimates of the height mostly give
values of r/R∗ between several tens and a few hundreds,
which corresponds to r/rLC between several 10
−3/P and sev-
eral 10−2/P. In particular, for P = 1 s and R∗ = 10
4m,
r/R∗ = 30 correspond to (r/0.1rLC)
−3/2 ≈ 63. We note that
for r = 30R∗ and the values of κ, P, ÛP as in (2), ωp/2pi is
approximately 100MHz, and βA is approximately 3.2 × 10
5.
3 BEAM-DRIVEN RESONANT WAVES
In this section we comment on suggested models for the for-
mation of beams in a pulsar plasma, and then discuss some
implications of wave-particle resonance involving a beam.
3.1 Possible beams
In the early literature on RPE two different types of
beams were considered: a beam of primary particles mov-
ing through secondary pair plasma, and relative motion
of electrons and positrons associated with the pulsar cur-
rent. The primary particles were assumed to have very
high bulk outflow Lorentz factors, γp = 10
6–107, and num-
ber density n′p, with comparable energy density is the pri-
mary and secondary particles, γpn
′
p ≈ γsn
′, where γs is
the bulk outflow Lorentz factor of the secondary parti-
cles. The relative motion of electrons and positrons is re-
quired for the current density needed to satisfy the electro-
dynamics. Neither model can account for the required wave
growth (e.g., Lominadze et al. 1986). This led to the sug-
gestion of a multiple-sparking model, in which the produc-
tion of the secondary pair plasma, through pair cascades,
results in localized transient “clouds” of pair plasma (Usov
1987, 2002; Ursov & Usov 1988; Asseo & Melikidze 1998).
The name “multiple-sparking” applies to an older version
of the model in which the source of the primary parti-
cles was assumed to be favored locations (sometimes called
“hot spots”) on the stellar surface (Ruderman & Sutherland
1975; Filippenko & Radhakrishnan 1982; Beskin 1982;
Gil & Sendyk 2000). In more recent models, in which
the intrinsic time-dependence is taken into account (e.g.,
Timokhin 2010; Timokhin & Arons 2013), the pair creation
exhibits a limit cycle behavior that could be considered sim-
ilar to what is assumed in a sparking model. We use the
name “multiple-beam” to refer to any model in which pair
cascades result in localized transient clouds.
3.2 Multiple-beam model
A widely favored model for the formation of multiple beams
involves faster particles in a “trailing” cloud overtaking
slower particles in a “leading” cloud (Usov 1987, 2002;
Ursov & Usov 1988; Asseo & Melikidze 1998). Once the
overtaking has occurred, the faster particles from the trail-
ing cloud may be regarded as a beam propagating through
the slower particles in the leading cloud. Here we discuss the
efficacy of this model critically, first by considering a model
proposed by Asseo & Melikidze (1998), and then based on
a model developed in the Appendix.
The multi-beam model proposed by Asseo & Melikidze
(1998) involves multiple clouds of pairs, with each cloud pos-
tulated to be initially of length L ′
0
with a gap initially of
length h′
0
separating sequential clouds; they chose h′
0
= 100m
and L ′
0
= (30−40)h′
0
= (3−4) × 103m. Asseo & Melikidze
(1998) separated the electrons in each cloud into three
speeds, called fast, intermediate and slow. We simplify the
model by considering only fast and slow electrons, denoted F
and S, respectively. Beam formation is attributed to F parti-
cles in a trailing cloud overtaking S particles is the preceding
leading cloud. This occurs after a time
t
′
FS =
L ′
0
+ h′
0
c(β′
F
− β′
S
)
≈
L ′
0
+ h′
0
c
2γ′2
F
γ′2
S
γ′2
F
− γ′2
S
, (4)
where L ′
0
+ h′
0
is the initial separation of particles. For illus-
tration purposes, Asseo & Melikidze (1998) chose γ′
F
= 300,
γ′
S
= 100. These numbers give t′
FS
≈ 0.2 s for the time re-
quired for overtaking to occur.
A serious difficulty with this model is that 0.2 s is too
long. Specifically, in 0.2 s no beam could form (a) inside the
light cylinder for a pulsar with period P < 1.3 s or (b) inside
r/rLC = 0.1 for P < 12.6 s. We conclude that with these
numbers, the overtaking-cloud model cannot lead to effective
beam formation in most pulsars.
This difficulty is further compounded when one takes a
plausible values 〈γ〉 . 10 for the intrinsic spread in Lorentz
factors resulting from pair cascades. For a uniform distribu-
tion, the choice γ′
F
= 300, γS = 100 would require 〈γ〉 ≈ 100,
with γ′
F
≈ 200 + 〈γ〉, γS ≈ 200 − 〈γ〉. With 〈γ〉 ≈ 10 a more
appropriate choice would be γ′
F
≈ 210, γ′
S
≈ 190. With these
revised numbers one has t′
FS
≈ 4 s. This is an impossibly
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long time for beam formation to be relevant. This has a
simple explanation: the smaller the difference in Lorentz
factors between the fast and slow particles, the smaller is
their relative speed, and hence the longer it takes for a fast
particle to catch a slow particle. For a Ju¨ttner distribution,
truncated as discussed in the Appendix, the requirement be-
comes that 〈γ2〉 ≈ 10/9 which corresponds to an extremely
cool plasma whereas in pulsars we have 200 & 〈γ2〉 & 4 for
9 & 〈γ〉−1 & 1. For the nominal value of 〈γ〉 = 10, for a trun-
cated Ju¨ttner distribution we have γ′
S
≈ γs/80 and γ
′
F
≈ 80γs
with γs = 10
2−103.
3.3 Fractionization
The model of Asseo & Melikidze (1998) does not allow one
to discuss fractionation in any detail. Consider a given cloud
that initially has a uniform distribution of particles within
a cylinder of length L ′
0
. As the beam propagates, its length
increases and it becomes increasingly inhomogeneous, in the
sense that the distribution function at any point in the beam
becomes narrower, with the local (at a given location along
the beam) average speed decreasing from the front to the
back of the beam. It is this effect that we refer to as frac-
tionation.
A simple ballistic model suffices to describe how frac-
tionization occurs. Suppose that all particles are confined to
−L ′
0
/2 < x < L ′
0
/2 at t = 0. After a time t when particles with
velocity v‖ have traveled a distance d = v‖ t, particles with
velocities v‖ ± ∆v‖/2 have traveled an additional distance
±∆v‖t/2. Particles with v‖ ± ∆v‖/2 become spatially sepa-
rated from each other when the difference between these
two additional distances exceeds L ′
0
. It follows that after
propagating a distance d ≫ L ′
0
the particles at a given point
within the extended beam are confined to a range
∆v‖ =
L ′
0
d
v‖, (5)
where v‖ may be approximated by the beam velocity vb.
A more detailed discussion of fractionization and its im-
plications is given in Appendix A, where we raise the pos-
sibility that once overlapping starts the local distribution
function may have two narrow peaks, a slower one from the
original leading beam, and a faster one from the original
trailing beam. Such a two-peaked distribution may lead, in
principle, to reactive growth of waves, but with significant
changes to the usual model, including the need for the beam
to be the slower leading cloud.
We conclude that the conditions for overtaking in a
multiple-beam model are considerably more complicated
than has been recognized in existing discussions of the
model. Increasing length and fractionation need to be taken
into account in both the leading and trailing beams, and
what “overtaking” means needs to be defined. For most pa-
rameters considered plausible a realistic form of overtak-
ing does not occur during the time it takes for the beams
to propagate from the stellar surface to a plausible source
height for the radio emission. Although we doubt that the
overtaking-cloud model is viable at all, we ignore this diffi-
culty in the following discussion, postulating the overtaking
might occur and consider the implications for beam-driven
wave growth.
3.4 Relativistically streaming distributions
In pulsar plasma the Lorentz factors that describe the intrin-
sic spread, 〈γ〉 in the rest frame, and the outward streaming,
γs, are assumed to satisfy γs ≫ 〈γ〉 − 1 & 1. In RMM2 we
showed that in any such model, the spread in Lorentz fac-
tors in the pulsar frame, in which this plasma is streaming,
is very much larger than 〈γ〉. Before discussing more general
distributions, we show this to be the case for a “water-bag”
model for the distribution distribution function g(u) as a
function of 4-speed u = γβ:
g(u) =
{
n/2u1, |u| < u1,
0, otherwise.
(6)
where n is the number density in the rest frame. Assuming
u1 ≈ γ1 ≫ 1, the mean Lorentz factor is 〈γ〉 ≈ γ1 in the rest
frame. The spread in Lorentz factors is 1 ≤ γ ≤ γ1. In the
pulsar (primed) frame, ±u1 transform to u
′
± = γsγ1(βs ± β1),
or u′
+
≈ 2γsγ1, u
′
− ≈ γs/2γ1. The spread in Lorentz factors
in this frame is approximately γsγ1 which is much greater
(by a factor of order γs) than the spread 〈γ〉 ≈ γ1 in the rest
frame.
A widely favored choice for the distribution function of
a beam is a relativistically streaming Gaussian (RSG) of the
form
gRSG(u) ∝ exp
[
−(u − us)
2/u2T
]
, (7)
where us = γsβs is the streaming 4-speed, and uT may be
interpreted as the spread in 4-speed about u = us. The RSG
does not retain its form under a Lorentz transformation. For
example, the Lorentz transformation to the rest frame of the
distribution, denoted by a tilde, implies that β transforms to
β˜ = (β−βs)/(1−ββs) and the distribution function transforms
to g˜RSG(u˜) = gRSG(u) with u− us = (γ˜ − 1)us + γsu˜. This rest-
frame distribution has its maximum at u˜ = 0 or β˜ = 0, but
it is not a symmetric function of u˜ or β˜, and uT cannot be
interpreted as the spread in u˜.
We suggest that the choice of a RSG distribution is arti-
ficial, and is made primarily for mathematical convenience.
3.5 Including streaming by a Lorentz
transformation
We argue that the appropriate choice for a relativisti-
cally streaming distribution is that obtained by a apply-
ing a Lorentz distribution to a plausible rest-frame distribu-
tion, e.g., to a Ju¨ttner distribution or a Gaussian distribu-
tion. This procedure results in Lorentz-transformed Ju¨ttner
(LTJ) and a Lorentz-transformed Gaussian (LTG) distribu-
tion,
g
′
LTJ
(u′) ∝ exp
[
−ργ′
]
, g′
LTG
(u′) ∝ exp
[
−u′2/u2T
]
, (8)
respectively, with γ′ = γγs(1 − ββs) and u
′
= γγs(β − βs).
(A third example is a Lorentz-transformed water-bag dis-
tribution, cf. the discussion following equation (6).) We are
concerned with the highly relativistic case in which both the
streaming is highly relativistic, γs ≫ 1 and the spread in the
rest frame is (highly) relativistic, 〈γ〉 − 1 & 1, with 〈γ〉 ≈ 1/ρ
for a Ju¨ttner distribution, and 〈γ〉 ≈ uT for a Gaussian distri-
bution. The negative exponents in the RSG, LTJ and LTG
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may then be approximated by
(γ − γs)
2
〈γ〉2
,
(γ − γs)
2
2γγs〈γ〉
,
(
(γ − γs)(γ + γs)
2〈γ〉γγs
)2
, (9)
respectively. It follows that the LTJ and LTG distributions
are broader than a RSG distribution by of order 2γs and γ
2
s ,
respectively. This surprising (at least to us) result implies
that the choice of a RSG is misleading in that it can lead to
a serious underestimate of the spread in Lorentz factors for
a relativistically streaming distribution obtained by Lorentz
transforming a rest-frame distribution.
Replacing the RSG by LTJ or LTG leads to a large in-
crease in the spread in Lorentz factors, from 〈γ〉 in the rest
frame of the distribution, to of order γs〈γ〉 for the Lorentz-
transformed distribution in the pulsar frame. This is a char-
acteristic feature of any model in which relativistic stream-
ing is included by Lorentz transforming. With our “plausi-
ble” parameters, a spread of order 〈γ〉 ≈ 10 is increased to
γs〈γ〉 ∼ 10
3−104, where we use γs ∼ 10
2−103. We conclude
that this is a potentially very large effect that cannot be
ignored. The choice of a RSG does ignore this effect. As dis-
cussed below, estimates of the growth rate and of the band-
width of the growing waves depend strongly on the width of
the relativistic streaming distribution. Moreover, we found
that the condition for a beam-driven reactive instability to
exist is not satisfied (RMM3).
3.6 Separation condition
The inclusion of streaming by applying a Lorentz transfor-
mation to a non-streaming distribution function has a large
effect on the separation condition for the two distributions.
A requirement for beam-driven instability to develop is that
the beams (or the beam and the background in a weak-beam
model) do not overlap significantly in momentum space, e.g.,
in γ. This requirement is the separation condition.
In RMM2 we showed that for two counter-streaming
distributions with equal densities and equal spreads, 〈γ〉1 =
〈γ〉2 → 〈γ〉, the two beams become separated in the frame in
which they are counter-streaming when the Lorentz factor
of the counter streaming exceeds about 〈γ〉, as one might
anticipate. When this separation condition is Lorentz trans-
formed to the rest frame of one distribution, with the other
streaming relative to it at γb, this condition transforms into
γb > 2〈γ〉
2.2 This separation condition applies to any distri-
bution with 〈γ〉 − 1 & 1 when it is Lorentz-transformed to
become a streaming distribution, cf. (8).
In contrast, when a RSG distribution is chosen, the sep-
aration condition is much more easily satisfied because the
spread in each distribution is much smaller, e.g., by a factor
of order 1/γs. The choice of a RSG distribution applies only
in a single frame. As shown above, a narrow spread in one
frame is not preserved under a Lorentz transformation. It
is implausible to assume narrow spreads in two independent
frames moving relativistically relative to each other.
2 In a weak-beam model the separation condition is γb & 10〈γ〉
which require larger γb for distributions with 〈γ〉 < 10 than that
for equal beams counter streaming.
3.7 Resonance conditions
There are two relevant resonance conditions: the Cerenkov
condition for a beam instability and the anomalous Doppler
condition for ADE. Either can be satisfied only for sublumi-
nal waves.
In general, the gyroresonance condition is ω − sΩe/γ −
k ‖v‖ = 0, with s = 0,±1, . . .. In the notation used here the
gyroresonance condition becomes
z − β
z
= s
Ωe
γω
. (10)
We are interested in resonances at s ≤ 0, which require z ≤
β < 1, where we assume β > 0.3
The Cerenkov resonance, s = 0, requires z = β or γφ = γ
in K and z′ = β′ or γ′φ ≈ 2γsγ in K
′, where γφ = (1 −
z2)−1/2 is the Lorentz factor corresponding to (subluminal)
phase velocity z. The anomalous Doppler resonance, s = −1,
requires β − z = zΩe/ωγ in K or β
′ − z′ = z′Ωe/ω
′γ′ in K ′,
requiring |z | < 1 and |z′ | < 1, respectively.
4 WAVE DISPERSION IN PULSAR PLASMA
In this section we summarize the properties of wave disper-
sion in a pulsar plasma, both in the rest (unprimed) frame
K (RMM1) and in the pulsar (primed) frame K ′ (RMM2).
4.1 RPDF
Wave dispersion in a pulsar plasma (e.g., Melrose & Gedalin
1999; Melrose et al. 1999) has two important differences
from wave dispersion is a non-relativistic magnetized
plasma. First, the Alfve´n speed is extremely large, βA ≫ 1,
cf. (2); this parameter appears in the wave properties in
the combination zA = βA/(1 + β
2
A
)1/2 ≈ 1 − 1/2β2
A
. Second,
the parallel response involves a relativistic plasma dispersion
function (RPDF), which we write as z2W(z). For a distribu-
tion with 〈γ〉 ≫ 1, the real part, z2ℜW(z), of the RPDF
is very sharply peaked, with positive peaks at z = ±zm
with z2mW(zm) = 2.7〈γ〉, corresponding to γφ = (1 − z
2)−1/2
equal to γm = (1 − z
2
m)
−1/2 ≈ 6〈γ〉. Between these peaks
z2ℜW(z) becomes negative, for −z0 < z < z0, corresponding
to γφ < γ0 ≈ 1.9〈γ〉, and beyond the peaks, z
2ℜW(z) de-
creases monotonically with increasing z > zm, being ≈ 2〈γ〉
at the light line, z = 1, and approaching 〈1/γ3〉 ≈ 1/〈γ〉
for z → ∞. The imaginary part, z2ℑW(z), of the RPDF is
strictly zero in the superluminal range, z > 1, and it is large,
implying strong Landau damping, in the range z0 . z . zm.
The foregoing results are derived specifically for a Ju¨t-
tner distribution with ρ ≪ 1, for which there is a character-
istic scaling, of z0, zm etc., with ρ ≈ 1/〈γ〉. For ρ ≈ 1, which
corresponds to 〈γ〉 ≈ 1.7, this scaling applies with only mi-
nor changes in the specific numbers (RMM1). It is only for
ρ ≫ 1 that the exact form of z2W(z) approximates the fa-
miliar plasma dispersion function for a thermal plasma; and
3 The resonance condition is written in the rest frame of the
plasma. For the distributions discussed here we symmetry about
z, β = 0. We could write the resonance condition for β < 0 which
would require waves with z < 0.
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Figure 2. Dispersion curves for a nonrelativistic 1D Ju¨ttner dis-
tribution with a temperature 3 × 108K. The solid black curves
correspond to the L and A modes for θ = 0, and the other nested
curves are for the O mode (upper left) and the Alfve´n mode (lower
right) with θ increasing in steps of 0.25 rad. The X mode (not
shown) is degenerate with the A mode for θ = 0 and is asymptotic
to the O mode for θ , 0. As the plasma becomes relativistic, that
is decreasing from ρ ≫ 1 to ρ ≪ 1, the dispersion curves become
highly elongated very close to the light line. (From RMM1.)
with z2ℜW(z) → 1 as ρ →∞ corresponding to a cold plasma
distribution.
Waves of relevance for a resonant instability at s = 0
(Cerenkov) or s = −1 (Doppler) must be subluminal, and
subluminal waves exist only in the range z0 < z < 1. More-
over, the waves in the range z0 < z . zm are strongly (Lan-
dau) damped and are ignored here.4 Hence the only relevant
waves are in the range zm . z < 1 or γφ & 6〈γ〉. The param-
eter βA is also assumed to be in this range, βA ≫ 6〈γ〉.
4.2 Three wave modes
The wave properties at radio frequencies, ω ≪ Ωe, in K can
be summarized as follows. There are three modes. One of
these is the X mode which has vacuum-like dispersive prop-
erties for β2
A
≫ 1 and a polarization that precludes it being
generated through a resonant beam-driven instability. The
other two modes are referred to here as the L and A modes
for parallel propagation, and as the O and Alfve´n modes for
oblique propagation. A conventional way of plotting a dis-
persion relation is frequency as a function of wavenumber,
that is ω as a function of k ‖ in the present case. Dispersion
curves are shown on such a plot in Figure 2 for a case where
the spread in energies is nonrelativistic, specifically for a 1D
Ju¨ttner distribution ∝ e−ργ with ρ = 20, corresponding to a
temperature T = mc2/ρ ≈ 3×108K. The solid curve and solid
(diagonal) line are the dispersion relations for θ = 0, corre-
sponding to the L and A modes, respectively. The X mode
is degenerate with the A mode for θ = 0 and is asymptotic
to the O mode for θ , 0. The L mode curve in Figure 2 may
be interpreted as a plot of ℜ[z2ℜW(z)]1/2 versus 1/z.
It is convenient to choose the independent variable to
be z = ω/k ‖c, rather than k ‖ . The dispersion relations are
ω = ωL(z) = [ω
2
pz
2ℜW(z)]1/2 for the L mode and z = zA for
4 These waves have anomalous dispersion, implying unusual
properties including negative energy and superluminal group
speed.
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Figure 3. Dispersion curves in a highly relativistic case, ρ = 0.01
(〈γ〉 ≈ 100), βA ≈ 1.2×10
3 (corresponding to r/rLC ≈ 0.122) and θ =
0 (black solid), 0.25ρ rad (black dashed), 0.5ρ rad (black dotted),
0.75ρ rad (red solid), and 0.1ρ rad (red dashed). The black solid
curve corresponds to the L mode, the solid vertical line at z = zA
corresponds to the A mode with the O mode to its upper left
and the Alfve´n mode to its lower right. The Alfve´n mode exists
between z = zA, which is very close to 1 − z = 0 in the figure with
γA = 8.7 × 10
2, and z = z0. The maximum in the dispersion curve
occurs near z = zm. (From RMM1.)
the A mode. Figure 2 is plotted for a value of βA ≫ 1 such
that the line z = zA cannot be distinguished from the light
line z = 1.
For slightly oblique propagation, the two modes recon-
nect to form the O mode and the Alfve´n mode. The recon-
nection occurs at z = zA, ω = ωco, where ωco = ωL(zA) is
referred to as the cross-over frequency. The dispersion curve
for the nearly parallel (θ → 0) O mode is ω ≈ ωL(z) for
z > zA and z ≈ zA for ω > ωco, and the dispersion curve
for the the nearly parallel Alfve´n is z ≈ zA for ω < ωco and
for ω ≈ ωL(z) for z < zA. For nonzero θ the frequency of the
oblique modes is given by (Melrose & Gedalin 1999, RMM1)
ω2(z, θ) =
ω2
L
(z)
1 + a(z) tan2 θ
, a(z) =
b
z2
A
− z2
, (11)
with b ≈ 1 for βA ≫ 1. Near ωco, a(z) is very large in mag-
nitude, and the two dispersion curves move away from each
other very rapidly with increasing θ ≪ 1: the O mode moves
to higher ω and larger z and the Alfve´n mode moves to lower
ω and smaller z with increasing θ. The condition ω2(z, θ) ≥ 0
implies z2 > z2
A
+ b tan2 θ for the O mode and z2 < z2
A
for the
Alfve´n mode. The O mode is superluminal for θ satisfying
z2
A
+ b tan2 θ > 1 which may be approximated as θ & 1/βA.
4.3 Effect of increasing 〈γ〉
The dispersion curves in Figure 2 are for a nonrelativistic
spread, 〈γ〉 − 1 ≪ 1, and they are strongly modified by rela-
tivistic effects for 〈γ〉 ≈ 1/ρ ≫ 1. We compare the dispersion
curve for the L mode in the nonrelativistic and highly rel-
ativistic cases for both superluminal (1 − z < 0) and sublu-
minal (1 − z > 0) phase speeds. In the superluminal region,
for the nonrelativistic case shown in Figure 2, the cutoff fre-
quency, ωx , corresponding to z → ∞, is slightly below ωp
and the frequency, ω1, at which the dispersion curve crosses
the light line, z = 1, is slightly above ωp.
For 〈γ〉 ≫ 1, in the superluminal range, the fre-
quency increases with decreasing z from ωx = ωp〈γ
−3〉1/2 ≈
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ωp/〈γ〉
1/2 at z = ∞ to ω1 ≈ ωp(2〈γ〉)
1/2 at z = 1. In the sub-
luminal region, ω initially increases with decreasing z, as is
evident in Figure 2, with the frequency of the L mode reach-
ing a maximum, at z = zm, and then decreasing to zero at
z = z0 along a second branch. In this range the frequency is
a double-valued function of k ‖ (cf. Figure 2), which we re-
fer to as the upper-z and lower-z branches. The waves in the
higher-z branch have some similarities with Langmuir waves,
in that they are longitudinal and subluminal. However, these
waves are unlike Langmuir in other ways: they exist only for
γφ > γm ≫ 1, the ratio of the electric energy to the total
energy in the waves is very small (≈ 1/24〈γ〉2 rather than
≈ 1/2 for Langmuir waves) and their group speed is very
close to unity. The lower-z branch corresponds to negative
dispersion and strong Landau damping; we do not discuss
such waves here.
For subluminal z in the relativistic case, the parameter
a(z) in (11) may be approximate by
a(z) ≈
β2
A
γ2
φ
β2
A
− γ2
φ
, (12)
where we assume βA ≫ 1, γφ ≫ 1. The O mode is subluminal
only for a tiny range of z . 1 corresponding to γφ & βA/(1−
β2
A
θ2)1/2 and hence a(z) < 0. The Alfve´n mode has γφ .
βA and hence a(z) > 0, with a(z) changing sign by passing
through infinity at γφ = βA.
A (linear) plot of ω vs k ‖ (or [z
2ℜW(z)]1/2 vs 1/z) is
not convenient for illustrating the dispersive properties in
the subluminal range 1 − z ≪ 1 for 〈γ〉 ≈ 1/ρ ≫ 1. An
alternative plot shown in Figure 3 is of the logarithm of
ω/ωp against (1 − z)/ρ
2 (RMM1) with z = 1 corresponding
to (1− z)/ρ2 = 0, z > 1 to its left and z < 1 to its right. Near
z = 1 the form of the dispersion relation scales in a simple
way with 〈γ〉 ≈ 1/ρ, such that a plot of (ω/ωp)/〈γ〉
1/2 versus
(1 − z)〈γ〉2 is approximately independent of 〈γ〉 ≫ 1. The
peak is z2mℜW(zm) ≈ 2.7〈γ〉 at z = zm ≈ 1 − 0.013/〈γ〉
2 , or
γφ = γm ≈ 6〈γ〉. The region of negative dispersion and strong
Landau damping is z0 < z . zm, with z0 ≈ 1 − 0.14/〈γ〉
2 , or
γ0 < γφ . γm with γ0 ≈ 2〈γ〉.
The cross-over frequency, ωco = ωL(zA), is between the
peak in the RPDF at z = zm and the light line z = 1 for
zA > zm, corresponding to βA > γm ≈ 6〈γ〉 for βA ≫ 1.
We assume this inequality to be satisfied. If this were not
the case, either the cross-over is in the region of negative
dispersion, z0 < z = zA < zm, or at z = zA < z0, when the two
dispersion curves do not cross. The region z < zm is to the
right of the maximum in the curves in Figure 3. We do not
discuss waves in the region of negative dispersion, z < zm
(γφ < 6〈γ〉), assuming them to be too heavily damped to be
of relevance.
The maximum frequency of the Alfve´n mode is a func-
tion of θ, as shown in Figure 3. This maximum frequency is
ωAmax(θ) ≈
1.7ωp〈γ〉
1/2
(1 + γ2
φ
θ2)1/2
≈
1.7ωp〈γ〉
1/2
γφθ
, (13)
where we assume γ2φ ≪ β
2
A
, and γφθ ≫ 1 in the latter ap-
proximation. Waves near this maximum, although on the
Alfve´n branch, are quite different from conventional Alfve´n
waves; we refer to them as being on the “turnover” branch.5
The properties of these two modes for 〈γ〉 ≫ 1 may
be summarized as follows. The O mode exists for ω ≥ ωx =
ωp〈γ
−3〉1/2 ≈ ωp/〈γ〉
1/2 and is superluminal except for a tiny
range of angles, θ . 1/βA, at ω > ω1 ≈ ωp(2〈γ〉)
1/2. The
Alfve´n mode has its conventional dispersion relation, writ-
ten here as z = zA, with zA ≈ 1 − 1/2β
2
A
for β2
A
≫ 1, only
at sufficiently low frequencies; the dispersion curve deviates
to smaller z with increasing frequency, with a maximum fre-
quency at z = zm, and with this maximum decreasing ∝ 1/θ
with increasing θ ≫ 1/γφ .
4.4 Subluminal waves
Both the Cerenkov and anomalous Doppler resonances re-
quire that the resonant waves be subluminal. There are
weakly damped subluminal waves only for γφ ≫ 6〈γ〉.
Subluminal O mode waves have γφ > βA ≫ 1 and θ <
1/βA. Beam-driven wave growth of O mode waves is possible
in principle only for this tiny range of angles, θ . 1/βA ≈ 2×
10−4 rad for 〈γ〉 ≈ 10 at r/rLC = 0.1. The resonance condition
γφ = βb requires a beam with γb > βA to resonate with
O mode waves at θ → 0, increasing to γb ≫ βA as θ increases
towards 1/βA. These conditions apply in the rest frame K of
the plasma, and in the pulsar frame K ′ an additional factor
2γs appears, for example, θ . 1/βA becomes θ
′ . 1/2γsβA
and γφ > βA becomes γ
′
φ
> 2γsβA.
The Alfve´n mode is always subluminal. In K its dis-
persion relation is well approximated by γφ = βA at low
frequencies, with γφ < βA at higher frequencies, as the
maximum frequency (13) is approached for γφ ≈ 6〈γ〉.
In K ′ these become γ′φ = 2γsβA at low frequencies, with
γ′
φ
< 2γsβA at higher frequencies and the maximum fre-
quency at γ′
φ
≈ 6γs〈γ〉.
5 CRITIQUE OF CCE
The major difficulty with CCE is the coherence mechanism.
We first summarize the problem of coherent emission from a
more general perspective, identifying three forms of coherent
emission: reactive (or hydrodynamic or self-bunching) insta-
bilities, kinetic (or maser) instabilities and superradiance.
We then discuss application of these to CCE.
5.1 Coherence mechanisms
Ginzburg & Zheleznyakov (1975) classified coherence mech-
anisms as maser or antenna mechanisms. A maser mecha-
nism is well-defined: it involves negative absorption. In its
simplest form an antenna mechanism involves a bunch of
N particles radiating N2 times the power emitted sponta-
neously by one particle. We separate antenna mechanisms
into two classes, which we refer to as reactive instabilities
and superradiance, depending on how the bunch is formed.
In a reactive instability the emission process itself (here cur-
vature emission) causes self-bunching, and feedback from
5 There is another intrinsically oblique, low-frequency mode, that
corresponds to ω2
L
(z) < 0, cf. RMM1, that we do not discuss here.
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the bunching causes the amplitude of the wave to grow.
In most discussions of CCE, the existence of the bunch is
either postulated as an initial condition or is attributed to
some physical process unrelated to curvature emission, such
as soliton formation. It is this form of coherence that we
refer to as superradiance, which may be described as an en-
hanced (by constructive interference) form of spontaneous
emission. Although superradiance was originally defined by
Dicke (1954) in terms of an initial array of quantum oscil-
lators, classical counterparts are well known (Andreev et al.
1980; Gross & Haroche 1982). In models for CCE the super-
radiance is attributed to such phase-coherent spontaneous
emission associated with solitons or other structures.
5.2 Self-bunching and CCE
In a reactive instability there is feedback between the
wave field and particle bunching such that the two grow
in unison. An early suggestion for self-bunching due to
curvature emission (Goldreich & Keeley 1971) was based
on an idealized model of relativistic particles moving
around a ring. This suggestion stimulated some early crit-
ical discussion (Saggion 1975; Cheng & Ruderman 1977;
Buschauer & Benford 1978). A related instability was pro-
posed by Beskin et al. (1987, 1988b), and this also led
to criticism (Larroche & Pellat 1987) and controversy
(Beskin et al. 1988a; Larroche & Pellat 1988).
The acceleration that causes curvature emission in a
magnetic field is due to the Lorentz force associated with
the curvature drift velocity (Chugunov et al. 1975). This
velocity is of magnitude vc = γβ
2c2/RcΩe and is directed
across the field lines. One may attribute a self-bunching in-
stability associated with curvature emission to the curva-
ture drift. The curvature-drift instability was discussed by
Kaganovich & Lyubarsky (2010), who estimated the growth
factor and concluded that it is too small. These authors ar-
gued that this self-bunching instability should be excluded
from the list of potential mechanisms for pulsar radio emis-
sion. Following Kaganovich & Lyubarsky (2010) we con-
clude that the self-bunching form of CCE is not viable for
pulsars.
5.3 Maser CCE
For a distribution of relativistic particles in 1D mo-
tion along a circular path, the absorption coefficient
corresponding to curvature emission is similar in form
to that for synchrotron emission. Synchrotron absorp-
tion can be negative only under special conditions, and
the same applies to curvature absorption (Blandford
1975; Melrose 1978; Zheleznyakov & Shaposhnikov 1979;
Chugunov & Shaposhnikov 1988; Luo & Melrose 1992,
1995). While maser curvature emission is possible in prin-
ciple, the growth rate is too small for it to be relevant for
pulsars, as the following remarks indicate.
Maser curvature emission is driven by a positive gradi-
ent of the distribution function (summed over electrons and
positrons) with respect to energy. This is the same driver as
for the maser (or kinetic) form of the beam-driven instability
of L-mode waves. In RMM3 we found that the reactive ver-
sion of the weak-beam instability does not exist for a Ju¨ttner
distribution. Although we have not explored whether or not
the reactive version of the curvature-drift instability exists
for a Ju¨ttner distribution, we argue on general grounds that
reactive growth (when it exists) is faster than kinetic growth.
The argument (Kaganovich & Lyubarsky 2010) that reac-
tive growth is too slow to be effective applies a fortiori to
maser growth. We conclude that the maser form of CCE is
also not viable for pulsars.
5.4 Superradiance in CCE
Once self-bunching and maser curvature emission are ex-
cluded, the remaining possible form of the coherence re-
quired for CCE to operate is some form of bunching caused
by a mechanism that is not related to curvature emission. We
identify such a mechanism as a classical version of superradi-
ance. The idea is that when individual charges are arranged
in an initial configuration, the spontaneous emission from
these charges can occur in phase. In an ideal case this leads
to N charges radiating N2 times the power in spontaneous
emission per single charge.
As an aside we remark on a notable qualitative differ-
ence between superradiance and the other two forms of co-
herent emission concerning the sign of the charge. There
is no superradiance in a pair plasma if the electron and
positron distributions are identical; this is because the radia-
tive electric fields due to the positive and negative charges
cancel. However, for the other two forms of coherent emis-
sion, the contributions of electrons and positrons to the ab-
sorption coefficient or the growth rate have the same sign,
for both beam-driven and curvature-driven maser and reac-
tive instabilities. To be effective, the postulated bunching
mechanism in CCE must lead to a bunch with a net charge.
We interpret as superradiance the coherence mecha-
nism postulated in models for CCE developed in the 1970s
(Radhakrishnan 1969; Komesaroff 1970; Sturrock 1971;
Ruderman & Sutherland 1975; Buschauer & Benford 1976;
Benford & Buschauer 1977b; Cheng & Ruderman 1977).
Criticism of this form of CCE (Kirk 1980; Melrose 1981),
led to some early controversy (Benford & Buschauer 1983),
and resulted in an ongoing diversity of views between sup-
porters and critics of CCE. The ongoing diversity of views
concerns the viability or otherwise of the suggested mecha-
nism (soliton formation) for the bunching.
5.5 Soliton-based CCE
In a soliton-based model for CCE, the soliton formation
is assumed (implicitly) to restore the putative initial con-
figuration continuously such that the coherent emission is
continuous. The suggestion that the coherence is due to
bunches associated with solitons involves two instabilities: a
beam-driven instability to generate waves, usually assumed
to be Langmuir-like waves, and a modulational instability
that leads to these waves forming solitons. An early ver-
sion of this suggested mechanism was discussed critically by
Karpman et al. (1975), and these authors came to a nega-
tive conclusion concerning the possibility of explaining pul-
sar radio emission in terms of coherent curvature radia-
tion resulting from soliton formation. Later authors (e.g.,
Buti 1978; Melikidze & Pataraya 1980, 1984; Asseo 1993;
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Melikidze et al. 2000; Mitra 2017; Lakoba et al. 2018) ar-
gued that the soliton formation should occur.
Our primary argument against soliton-based CCE is
that resonant beam-driven growth is ineffective in a pul-
sar plasma, implying that the growth (required to produce
the Langmuir-like waves) does not occur. The argument that
this is the case is discussed below in connection with RPE.
Suppose we ignore this argument and assume that resonant
beam-driven growth were effective, as a first stage in RPE.
One could then regard CCE as one of several possibilities for
the second stage. Other possibilities are induced scattering,
LAE and FEM, as discussed further below. In this context,
soliton formation leading to CCE is just one of several com-
peting second-stages processes, any of which could poten-
tially lead to escaping radiation. However, none is relevant
if beam-driven growth of Langmuir-like waves is ineffective.
Even if a soliton does form, it needs to be charged in
order to produce coherent emission. The suggested modu-
lational instability, described by the nonlinear Schro¨dinger
equation (e.g., Melikidze et al. 2000; Lakoba et al. 2018),
causes bunching through the ponderomotive force, which
does not depend on the sign of the charge. To form a charged
soliton it is assumed (Melikidze et al. 2000) that the elec-
trons and positrons have different mean Lorentz factors,
γ¯± = γ¯ ± ∆γ/2 say, such that the relative motion between
them results in the current density (∝ ∆γ/γ¯3) required by
pulsar electrodynamics. The different mean Lorentz factors
imply that the electrons and positrons respond differently
to the ponderomotive force, resulting in a charge separa-
tion within the soliton (Melikidze et al. 2000). This is a very
small effect, but it is required for the soliton to have a net
charge.
5.6 Is any form of CCE viable for pulsars?
Despite CCE being widely favored (primarily for observa-
tional reasons) as the pulsar radio emission mechanism, the
(theoretical) arguments against it seem compelling. Self-
bunching and maser instabilities for curvature emission are
possible in principle, but fail quantitatively. Most important,
the assumed beam-driven growth of Langmuir-like waves, re-
quired as the first stage in the assumed soliton formation,
does not occur in a pulsar plasma that is intrinsically rela-
tivistic in the sense 〈γ〉−1 & 1. We conclude that CCE based
on beam-driven wave growth and resulting soliton formation
is not plausible as the pulsar radio emission mechanism.
6 CRITIQUE OF BEAM-DRIVEN RPE
There are severe constraints on beam-driven RPE in a pul-
sar plasma with 〈γ〉 − 1 & 1. Pre-conditions for growth are
the resonance condition, which requires γφ . γb, wave dis-
persion, which requires γφ & 6〈γ〉 (RMM1), and the sep-
aration condition for the beam and background, which re-
quires γb & 10〈γ〉 (RMM2) for a weak-beam system where
nb/γbn0 ≪ 1.
6 The maximum growth rate occurs when
γφ ≈ (10−20)〈γ〉 ≈ γb,min (RMM3). The possible growth rates
6 For equal counter-streaming distributions the separation con-
dition is γb ≫ 2〈γ〉
2 (RMM2).
and the inhomogeneous structure of the pulsar plasma lead
to further constraints.
6.1 Beam-driven nearly-parallel waves
The largest growth rate for a beam-driven instability is for
parallel propagation in the L mode. With γφ ≈ γb,min from
the resonance condition, for βA < γb < ∞ the L mode ap-
proximates the O mode for propagation angle θ ≪ 1, and
for γb < βA the L mode approximates the Alfve´n mode for
θ ≪ 1, cf. Figure 2, Figure 3 and RMM1. In discussing the
magnitude of the growth rate it is not important to distin-
guish between these two cases.
For slightly oblique O mode waves the resonance condi-
tion requires γφ > βA/(1 − β
2
A
θ2)1/2, with there being no
subluminal O mode waves for θ & 1/βA. The condition
γb > βA/(1 − β
2
A
θ2)1/2 is not plausibly satisfied for the pa-
rameters estimated in Section 2. The estimate βA ≥ 5.1×10
3
at r/rLC ≤ 0.1 for 〈γ〉 ≈ 10, based on equation (2), requires a
beam with γb ≥ 5.1×10
3, increasing ∝ (r/rLC)
−3/2 for a source
at lower heights r/rLC < 0.1. These numbers are not com-
patible with the multiple-beam model discussed above for a
bulk streaming speed γs = 10
2–103 for the background which
would require the beam to have bulk streaming Lorentz fac-
tor ∼ 106−107. The resonance condition can be satisfied
for the O mode only if one assumes a beam with a much
higher Lorentz factor than the multiple-beam model allows
for plausible values.
6.2 Beam-driven Alfve´n mode
The resonance condition is less restrictive for oblique Alfve´n
waves than for O mode waves. The dispersion curve for the
Alfve´n mode may be separated into three portions, as shown
in Figure 3: a low-frequency Alfve´n-like portion with disper-
sion relation z ≈ zA or γφ ≈ βA, a turnover portion in the
range βA > γφ > 6〈γ〉, near the maximum frequency given by
equation (13), and a negative-dispersion portion where the
frequency decreases with decreasing z or γφ. The threshold
condition γb & γφ & 10〈γ〉 implies that only part of the
turnover portion is relevant; the negative-dispersion portion
is of no relevance.
RPE based on beam-driven Alfve´n waves, on the
Alfve´n-like portion, has been suggested as a possible
pulsar emission mechanism (Tsytovich & Kaplan 1972;
Lominadze et al. 1982; Melrose & Gedalin 1999; Lyutikov
2000). Resonance on the Alfve´n-like portion of the dispersion
curve requires γb ≈ βA. In a slowly varying magnetosphere,
with βA ∝ 1/r
3/2, this condition can be satisfied at only one
particular height r for a given γb. As discussed above in con-
nection with the O mode, the condition γb ≈ βA cannot be
satisfied for plausible parameters. Our estimate below is for
the growth rate on the turnover portion.
6.3 Growth rate
It is convenient to introduce the fractional growth rate, Γ/ω,
where Γ is the e-folding rate of growth of wave energy. The
maximum growth rate is for the L mode, for which we ap-
proximate the dispersion relation by ω = ωL(z) ≈ ωL(1) ≈
ωp(2〈γ〉)
1/2. We (RMM3) estimated the maximum fractional
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growth rate in K for the kinetic weak-beam instability, with
equal 〈γ〉 for the beam and the background, finding
Γ
ω
≈
(
nb
γbn0
)1/2
1
2〈γ〉3
, (14)
where nb is the number density of the beam in the rest frame
of the background, with ω ≈ ωp(2〈γ〉)
1/2.
In RMM3 we discussed the relation between temporal
and spatial growth rates, and their transformation between
inertial frames. In brief, given the temporal growth rate Γ
in the rest frame K, the spatial growth rate is βgΓ/c in K.
In K ′ the temporal and spatial growth rates are (γ′g/γg)Γ
and (γ′gβ
′
g/cγg)Γ, respectively, with β
′
g = (βg + βs)/(1 + βgβs)
the group speed in K ′, and with γg, γ
′
g = γsγg(1 + βgβs)
the Lorentz factors corresponding to the group speeds in K,
K ′, respectively. The group speed in K is βg = z[1 − 2RL(z)]
(RMM1), and for γ2
φ
= γ2
b
≫ 1/4RL(z), one has γg ≈ 2.5〈γ〉,
where we make the approximation RL(z) ≈ RL(1) ≈ 1/24〈γ〉
2.
6.4 Outward and inward growing waves in K
In a multi-beam model, there are assumed to be clouds with
different bulk speeds, and in this case we identify the frame
K as that in which the mean bulk speed is zero. In K in-
dividual clouds are assumed to have a range of bulk speeds
with positive (outward) and negative (inward) values, and
the relative speed of one cloud overtaking another can be
either positive or negative. In a given overtaking event, res-
onant waves with z . βb are either outward (z > 0, βg > 0)
or inward (z < 0, βg < 0) in K. (We only consider positive en-
ergy waves: z and βg has the same sign or zβg > 0. We have
βg(z) = z[1 − 2RL(z)] with maximum value of RL(z) = 1/2
at z = ∞ (RMM1). Over the range of interest, γφ > γm,
we have zβg > 0 always.) The inward propagating waves in
K are outward propagating in K ′ for {|z |, |βg |} < βs, so that
both outward and inward propagating waves in K are poten-
tial candidates for pulsar radio emission, which is assumed
to be propagating outward in K ′. It is convenient to label
these two cases as ±, and to compare these for given z = ±|z |,
βg = ±|βg |.
Assuming that the frequencies of the waves are the same
in K, ω± = ω, and that the resonance condition is satisfied,
z = ±βb, the frequencies in K
′ are
ω′± = γsω(1 ± βs/βb), (15)
with ω− < 0 for βs > βb or γs > γb. Note that ω
′
− is nega-
tive and that the interpretation is based on the dispersion
equation being unchanged under ω′, k ′
‖
→ −ω′,−k ′
‖
, such
that the negative-frequency backward-propagating wave is
re-interpreted as a positive-frequency forward-propagating
wave in K ′. For {γ2s , γ
2
b
, γ2g} ≫ 1 we may write
ω′
+
≈ 2γsω, ω
′
− ≈ −(γs/2γ
2
b )ω, (16)
where γ2s ≫ γ
2
b
is assumed in the latter case. For a pulsar
plasma we have γs = 10
2−103 with maximum growth rate
when γb = γφ ≈ (10−20)〈γ〉 (RMM3). We use γb ≈ 15〈γ〉
henceforth. At resonance we have γb = γφ so that γ
2
s ≫ γ
2
b
is satisfied in general for 2 . 〈γ〉 . 10 or 1 & ρ & 0.1 which
we consider as relevant to pulsars.
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Figure 4. Plots of ω′
+
/2pi (thick) and ω′−/2pi (thin) for P =
0.1, 1, 10 s corresponding to lines extending to r/R∗ = 0.1rLC/R∗ ≈
48, 4.8×102, 4.8×103, respectively, terminated by a marker; γs = 10
2
(solid and dashed), 103 (dotted and dash-dotted); ρ = 1 (solid
and dotted), 0.1 (dashed and dash-dotted). We use κ = 105 and
ÛP/P3 = 10−15 s−3 for all plots. The thin dotted horizontal lines are
at 0.1 and 5 GHz and the two thin dotted vertical lines are at
r/R∗ = 20 and 50.
6.5 Fractional growth rates in K ′
The growth rates in K ′ for the ±-cases are related to those
in K by the ratios of the group speeds in the two frames. In
K ′, the group speeds and Lorentz factors are
β′g± =
±βg + βs
1 ± βgβs
, γ′g± = γgγs(1 ± βgβs), (17)
giving γ′g+ ≈ 2γgγs and γ
′
g− ≈ max{γs/2γg, γg/2γs}. Assuming
the same fractional growth rates in K, the fractional growth
rates in K ′ follow from (15) and (17). These give
(
Γ
′
ω′
)
±
=
1 ± βgβs
1 ± βs/βb
(
Γ
ω
)
,
(
Γ
′
ω′
)
+
≈
(
Γ
ω
)
,
(
Γ
′
ω′
)
−
≈
γ2
b
γ2g
(
Γ
ω
)
,
(18)
where in the final expression we assume γ2s ≫ {γ
2
g, γ
2
b
}, with
ω′− assumed positive, as discussed above. For γg ≈ 2.5〈γ〉
and γb ≈ 15〈γ〉 we have γ
2
b
/γ2g ≈ 40.
6.6 Frequency of growing waves in K ′
For growth to result in waves in the frequency range ob-
served, the frequency, ω = ω±, of the waves in K must trans-
form into a frequency, ω′ = ω′±, in K
′ that is in the observed
range of pulsar radio emission.
The frequencies ω± = ω of the waves in K may be
approximated by ω = ωp(2〈γ〉)
1/2. In Figure 4 we show
plots of ω′
+
/2pi (thick) and ω′−/2pi (thin) for P = 0.1, 1, 10 s
corresponding to lines extending to r/R∗ = 0.1rLC/R∗ ≈
48, 4.8 × 102, 4.8 × 103, respectively, terminated by a marker;
γs = 10
2 (solid and dashed), 103 (dotted and dash-dotted);
and ρ = 1 (solid and dotted), 0.1 (dashed and dash-dotted).
We use κ = 105 and ÛP/P3 = 10−15 s−3 for all plots. The thin
dotted horizontal lines are at 0.1 and 5 GHz indicating the
frequency range of pulsar radio emission. We see that ω′
+
/2pi
is far too large except near r/rLC = 0.1 for slowly rotating
pulsars; and ω′−/2pi is generally too small except very close
to the pulsar surface. Mitra (2017) estimated the emission
height between r/R∗ = 20 and 50 (indicated by thin dotted
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Figure 5. Plots of emission height (above the stellar surface) as
a function of pulsar period (from Mitra 2017). The blue point at
emission height of 32 km (or r/R∗ ≈ 4) is the Vela pulsar with a
period of 89.33ms (Weltevrede & Johnston 2008).
vertical lines) for pulsars regardless of their period. It is ev-
ident that neither of ω′± cover the range of radio frequencies
from pulsars for plausible parameter values. However, the
range of emission heights given by Mitra (2017) is an aver-
age and as can be seen from Figure 5 the emission height
estimates range from about r/R∗ = 4 (Vela pulsar PSR
J0835-4510 with a period of 89.33ms) to about 200 (PSR
J0835-4510 with a period of 0.41 s) (Weltevrede & Johnston
2008). Furthermore, while the emission height of r/rLC = 0.1
appears to be an upper limit for fast rotating pulsars, the
emission height of slower pulsars are much smaller than this
upper limit. In discussing the second requirement, we ignore
these complications, and allow the emission height to extend
from the stellar surface to r/rLC = 0.1.
6.7 Possible propagation paths
For a wave to propagate in an inhomogeneous, time-
independent plasma it must be directed along a path on
which its frequency remains constant. The maximum growth
rate is for parallel propagation. Assuming a path parallel to
the magnetic field, the wave frequency ω = ωp[z
2W(z)]1/2,
must remain constant as ωp decreases along this path in or-
der for the wave to escape, implying that the RPDF z2W(z)
must increase along this path. The RPDF is a decreasing
function of increasing z over the range zm < z < 1. It follows
that for escaping waves z must decrease along the escape
path, and this decrease is limited by z > zm.
Positive wave growth at z requires that the distribution
function, g(u), be an increasing function of u or β at z = β.
For a beam with speed βb, growth occurs over a range z < βb.
In a weak-beam model the separation condition (RMM2)
requires that the total distribution function has a minimum
between the background distribution and the beam. For an
escaping wave, wave growth turns to damping when z = β
reaches this minimum. The bandwidth of the growing waves
may be interpreted as the range of frequencies corresponding
to z = β in the range between this minimum and βb.
This conclusion is not modified significantly by consid-
ering oblique propagation. In the oblique case the disper-
sion relation is given by (11), with the dependence on angle
described by the denominator which is positive and an in-
creasing function of angle for γφ < βA. In principle, the
frequency of an escaping wave that is initially oblique may
remain constant due to θ decreasing, so that this denomi-
nator decreases. However, the maximum growth rate is for
θ = 0, so that if growth does occur it greatly favors waves
with small obliquity, θ ≪ 1. The scope for allowing the wave
frequency to remain constant due to decreasing obliquity is
very restricted, and we ignore this possibility.
6.8 Bandwidth of growing waves
For wave growth to be effective the growth factor must be
large, e.g., G & 30, where G is the number of e-folding wave
growths. This factor is estimated as the spatial growth rate
times the distance over which a given wave grows. Assuming
parallel propagation, this distance is identified as that over
which the resonant frequency changes, due to the change in
ωp with distance, by the bandwidth, ∆ω say, of the growing
waves.
In the nonrelativistic case, ∆ω is estimated from the
spread, ∆β say, over which the growth rate is near its max-
imum value, corresponding to a range ∆z = ∆β of phase
speed such that the bandwidth is k ‖c∆β. The estimate of
∆ω for a RSG distribution is a straightforward generaliza-
tion of the nonrelativistic case. However, this is not the case
for the distributions considered here. In an intrinsically rela-
tivistic plasma, the dispersion relation of the relevant waves,
ω = ωL(z), is a rapidly varying function of z, and the esti-
mate of the bandwidth of the growing waves needs to take
this into account.
The bandwidth of waves in a small range ∆z may be
estimated as ∆ω = ∆zdω/dz, with ω2 = ω2pz
2W(z). An ap-
proximation is to estimate the derivative of the RPDF at
z = 1 for a Ju¨ttner distribution, as in RMM1. This gives
∆ω/ω ≈ 12〈γ〉2∆z. The range ∆z of speed corresponds to a
range ∆γφ = γ
3
φ
∆z of Lorentz factor. This leads to the esti-
mate of the fractional bandwidth in K
∆ω
ω
≈
∆γφ
γ3
φ
12〈γ〉2 . (19)
In the following discussion we do not attempt to esti-
mate the fractional bandwidth in detail, but leave ∆ω/ω as a
parameter of order unity. The rationale for this is that that
γφ in (19) is less than but order γb, and the spread ∆γφ is
of the same order. Also the value 12〈γ〉2, made for z = 1 is
an underestimate, due to the slope of z2W(z) increasing for
z < 1, until it starts to decrease as z approaches zm. One
expects γb to be of order several times 〈γ〉, resulting in the
right hand side of (19) being of order unity.
We compare inward and outward propagating waves in
K generated by otherwise identical beams propagating in
opposite direction, so that the waves have the same fre-
quency, ω = ω±, in K. The frequencies in K
′ are given
approximately by (16). The bandwidth, ∆ω± = ∆ω in K
are also the same. The frequencies and bandwidths trans-
form in the same way, such that the fractional bandwidths
∆ω′±/ω
′
± are equal to the fractional bandwidth, ∆ω/ω in K.
The frequency of beam-generated waves in K is in the range
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2.7〈γ〉 & ω2/ω2p > 2〈γ〉, between the peak in the RPDF at
z = zm and the frequency at z = 1. An approximate estimate
of the frequency is ω = 1.5ωp〈γ〉
1/2. The peak in the RPDF
corresponds is at ω/ωp ≈ 1.64, giving an estimate of the
fractional bandwidth ∆ω/ω . 0.1, with ∆ω/ω ≪ 0.1 if the
separation between the minimum and maximum β in g(u) is
sufficiently small.
6.9 Growth factor for weak-beam model
Growth of a wave at a given frequency occurs only over the
distance (∆ω′)±L ‖/cβ
′
g± over which the resonant frequency
remains within the bandwidth of the growing waves. This
implies that the growth factor, G±, is given by
G± =
Γ
′
±∆ω
′
±
ω′±
L ‖
cβ′g±
=
Γ
′
±
ω′±
∆ω
ω
ω′±
L ‖
cβ′g±
, (20)
where the same relative bandwidth applies to the ± cases in
both frames. Using the relations (15), (17) for γs ≫ γg, (18),
and inserting the expression (14) for the fractional growth
rate, (20) gives
G+ ≈ γs
(
nb
γbn0
)1/2
1
〈γ〉3
∆ω
ω
ω
L ‖
c
, G− ≈
G+
4γ2g
, (21)
where we assume β′g± ≈ 1. With ω ≈ 1.5ωp〈γ〉
1/2 and ωp ∝
n
1/2
0
, the growth factor is independent of the density of the
background plasma. An alternative way of writing (21) is
G+ ≈
3γs
4〈γ〉5/2
∆ω
ω
ωbL ‖
c
, G− ≈
G+
4γ2g
, (22)
with ωb = (e
2nb/ε0mγb)
1/2 interpreted as a plasma frequency
corresponding to the beam. The estimate γg ≈ 2.5〈γ〉 made
above corresponds to 4γ2g ≈ 25〈γ〉
2. The growth factor is
proportional to the bandwidth of the growing waves in K ′
and the fact that ∆ω′− is smaller than ∆ω
′
+
explains why G−
is smaller than G+.
6.10 Estimate of growth factors for a weak beam
There is considerable uncertainty in using (22) to estimate
the growth factor for a weak-beam model: the parameters
ωb and L ‖ are poorly determined, and there is a strong (im-
plicit) dependence on the height of the source, which is also
uncertain. Here we consider only order of magnitude esti-
mates.
Assuming nb/n0 = 10
−3 (Egorenkov et al. 1983) and
γb = 10
2, one has ωb ≈ 3 × 10
−3ωp. For κ = 10
5, ÛP/P3 =
10−15 s−3, γs = 10
3, P = 1 s, (2) gives ωp ≈ 10
7 s−1 at
r/rLC = 0.1 and ωp ≈ 2 × 10
10 s−1 at r/R∗ = 30. The fac-
tor γs/〈γ〉
5/2 is of order unity for 〈γ〉 = 10. For ∆ω/ω ≈ 0.1,
these estimates give G+ of order 0.1ωbL ‖/c and G− smaller
than G+ by a factor 25〈γ〉
2 ≈ 3 × 103 for 〈γ〉 ≈ 10. One has
0.1ωbL ‖/c ≈ 10
−6L ‖ at r/rLC = 0.1 and 0.1ωbL ‖/c ≈ 10
−3L ‖
at r/R∗ = 30, with L ‖ in meters. It is apparent from these
rough estimates that effective growth, that is, G± & 30, re-
quires very large L ‖ for G+ and much larger values L ‖ for
G−. For example, the most favorable of these cases for ef-
fective growth is for G+ at r/R∗ = 30 where L ‖ & 30 km
would be required. In contrast, effective growth for G− at
r = 30R∗ = 3 × 10
4 km would require L ‖ & 10
5 km.
In a smoothly-varying model for the magnetosphere, the
plasma frequency varies ∝ r−3/2, implying a characteristic
length L ‖ = 3r/2 for changes in ωp. We conclude that even
for this estimate of L ‖ , effective growth seems marginally
possible for the + case for a source relatively close to the
stellar surface, and is not possible for the − case. Any lo-
cal inhomogeneities imply smaller L ‖, giving a more restric-
tive limit on the growth factor. Specifically, in a multi-beam
model, L ‖ depends on the length of and separation between
individual clouds of pairs, so that L ‖ ≪ 3r/2 is expected.
We conclude that even when growth is assumed to be pos-
sible, effective growth requires larger L ‖ and ∆ω/ω than is
plausible even in the most favorable cases.
An important proviso is that this negative conclusion
relies on our assumption that the background plasma is in-
trinsically relativistic, with our numerical estimated sensi-
tive to our assumed value 〈γ〉 ≈ 10. For smaller 〈γ〉 − 1 & 1
the numerical constraints on the growth factor are weaker.
6.11 Second stage of RPE
Our definition of RPE implies two different physical pro-
cesses operating to produce the emitted radiation. The first
stage is assumed here, as in other discussions of RPE, to be
a beam-driven instability. Several seemingly overwhelming
difficulties are implied by the foregoing discussion of beam-
driven wave growth. Nevertheless let us ignore these diffi-
culties and suppose that subluminal L waves do grow in
an allowed narrow range of z corresponding to γφ & 6〈γ〉.
These waves are on the turnover branch of the Alfve´n mode
for γφ < βA and on the O mode branch for γφ > βA. We
separate possibilities for the second stage into “passive” and
“active” mechanisms.
Passive conversion
In conventional plasma emission, the energy in Langmuir
waves produced in the first stage is converted into escap-
ing radiation passively, through nonlinear processes in the
plasma or due to mode coupling through inhomogeneities
in the plasma. Similarly, in principle, nonlinear processes or
inhomogeneities can lead to partial conversion of wave en-
ergy from a mode that cannot escape into waves in a mode
that can escape (e.g., Istomin 1988; Lyubarskii 1996; Usov
2000, 2002). Such processes are “passive” in the sense that
the total energy in waves is not changed during the conver-
sion process. An interesting possibility, that does not exist
for conventional plasma emission, is that the waves gener-
ated through the beam instability can escape directly. This
applies to the O mode (but not to the Alfve´n mode), the dis-
persion curve for which has a subluminal range (for γφ > βA,
θ < 1/βA) that joins on to a superluminal range that cor-
responds to waves that can escape to infinity (to zero ωp).
However, the requirements on beam-driven O-mode growth
are particularly severe, e.g., a beam with Lorentz factor
γb > βA which is of order 3×10
5 according to (2) for r = 30R∗.
For a more plausible γb, just above the separation threshold
10〈γ〉 ≈ 100 for 〈γ〉 = 10, the waves are in the Alfve´n mode.
Suppose that Alfve´n waves on the turnover branch are
generated in the pulsar plasma, and that a similar passive
conversion occurs, with ω not changing significantly (apart
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from possible frequency doubling). Alfve´n waves near the
turnover frequency, 1.7ωp〈γ〉
1/2/γbθ, can be converted into
waves in other modes only if these modes have nearly the
same frequency as the Alfve´n waves. The two possibilities
are O mode and X mode waves. Conversion into O mode
waves is possible only if the frequency of the Alfve´n waves
exceeds ωx = ωp〈γ
−3〉1/2, which imposes the relatively weak
constraint θ < 1.7〈γ〉1/2/〈γ−3〉1/2γb ≈ 1.7〈γ〉/γb. There is
no constraint on passive conversion to X mode waves. We
conclude that passive conversion into either mode is allowed
kinematically.
Active conversion
There are several suggested pulsar emission mechanisms
(LAE, FEM, CCE) that rely on a large-amplitude wave
(LAW) in the background plasma, and one possible way such
waves can be generated is through a beam-driven instability.
In an “active” second-stage process, the energy in the escap-
ing radiation is attributed to the radiating particles through
a process that relies on the presence of a LAW, including
LAE, FEM and a favored form of CCE. In LAE (or FEM)
it is assumed that the first stage of RPE results in a large-
amplitude wave and the radiation is due to the accelerated
motion of particles in the field of the wave. In CCE the ra-
diation is due to the accelerated motion of particles along
a curved field line, and the large-amplitude wave is invoked
to provide the necessary coherence. We comment on LAE
and FEM here and CCE is discussed in Section 5. A related
second-stage mechanism is induced scattering, which is a
passive process in a nonrelativistic plasma, but is an active
process in a pulsar plasma where the frequency of the waves
scattered by the relativistic particles is much higher than the
frequency of the LAW. Emission due to induced scattering
in a pulsar plasma has been discussed by Lyubarskii (1996)
and Lyubarskii & Petrova (1996).
In LAE (Cocke 1973; Melrose 1978; Rowe 1992a,b, 1995;
Melrose & Luo 2009; Melrose et al. 2009; Reville & Kirk
2010), the basic emission process is that due to the accel-
erated (1D) motion of a charge in a parallel electric field.
The absorption coefficient for LAE, due to a distribution
of relativistic particles, can be negative, causing maser-like
emission. One needs to distinguish between LAWs that are
subluminal and superluminal. For a subluminal wave there
exists a frame, moving with the phase velocity of the wave,
in which the oscillations are purely spatial; in this frame
the emission may be interpreted as FEM rather than LAE.
In FEM (Fung & Kuijpers 2004; Schopper et al. 2002) the
acceleration by the field of the wave (or “wiggler”) may be
perpendicular or parallel to the direction of motion of the
particle. For a superluminal wave there exists a frame, mov-
ing at the inverse of the phase speed, in which the oscilla-
tions are purely temporal, and LAE may be attributed to
acceleration by the electric vector of the wave in this frame.
In a model in which the LAW is attributed to beam-driven
growth, the LAW is necessarily subluminal.
The characteristic frequency of LAE due to particles
accelerated (periodically) to γ in a wave of frequency ω0 is
ω0γ
2. Assuming a beam-driven LAW propagating outward
in K, its frequency (for plausible parameters) is higher that
the observed range for pulsars, and the extra boost by γ2 ex-
acerbates this problem. This problem with excessively high
frequency is alleviated by assuming that LAE is due to a
beam-driven LAW propagating inward in K.
These active second-stage processes, along with CCE,
are relevant only if the first-stage mechanism can provide
the necessary LAW. Our primary criticism of these sug-
gested mechanisms applies to the assumed beam-driven
wave growth, which we argue might occur under special con-
ditions but cannot be the emission mechanism for all pulsars.
7 CRITIQUE OF ADE
The suggestion that ADE is the pulsar radio emission mech-
anism (e.g., Machabeli & Usov 1979; Kazbegi et al. 1991;
Lyutikov et al. 1999a) must overcome the difficulty that the
natural frequency of such emission is too high. The anoma-
lous Doppler resonance condition is given by equation (10)
with s = −1. Whereas as the resonance for s = 0 requires
z = β, the resonance for s = −1 requires z < β; we write
these requirements as γφ = γ and γφ < γ, respectively. The
resonance condition for ADE then becomes
ω =
2γ2
φ
γ2
γ2 − γ2
φ
Ωe
γ
≈ 2γ2φ
Ωe
γ
, (23)
where the approximation applies for γ2 ≫ γ2
φ
. Assuming
that all particles are in their ground (Landau) state, the
anomalous Doppler transition to the first excited state can,
in principle, drive wave growth for all values of γ for which
equation (23) is satisfied. It follows that values of γ near
where the distribution function is maximum are favored,
provided that equation (23) is satisfied.
The major difficulty with ADE as the pulsar radio emis-
sion mechanism is that the frequency (23) is too high. The
frequency ω also needs to satisfy a dispersion relation, for
one of the X, O and Alfve´n modes. For nearly parallel prop-
agation the dispersion relations for the X and Alfve´n modes
may be approximated by z = zA or γφ = βA. The approxi-
mate form of equation (23) then requires ω/Ωe ≈ 2β
2
A
/γ. For
any plausible location of the source of the radio emission one
requires ω/Ωe ≪ 1 and hence γ ≫ 2β
2
A
. For the estimates
made in equation (2), this implies that ADE in these modes
would be in the radio range only for impossibly high values
of γ.
The lowest frequency consistent with equation (23), for
given Ωe/γ, is for the smallest value of γ
2
φ
. The only weakly
damped waves that can exist in a pulsar plasma have γφ ≫
γm ≈ 6〈γ〉 in K. Setting γφ ≈ 6〈γ〉 in equation (23) gives
ω/Ωe = 72〈γ〉
2/γ in K. In the pulsar frame one has ω′ ≈
2γsω and γ
′ ≈ 2γsγ, so that this condition becomes ω
′/Ωe =
(4γs)
2(72〈γ〉2/γ′) in K ′. This also implies that for ADE, at
the lowest allowed value of γφ, the frequency of emission
would be in the radio range only for impossibly high values
of γ.
We conclude that the intrinsic frequency (23) of ADE
is too high to account for pulsar radio emission anywhere
inside the light cylinder for the fiducial parameters chosen
in (2).
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8 DISCUSSION
Our objective in this paper is to explore the suggested pulsar
radio emission mechanisms critically, to determine whether
any of them is viable as a generic pulsar radio emission mech-
anism. We find that all suggested mechanisms encounter ma-
jor difficulties, some of which are well known, and others are
associated with the formation of relativistic beams and with
the properties of wave dispersion in a pulsar plasma with
〈γ〉 − 1 & 1. Here we summarize our arguments in three
categories: assumptions about the distributions of particles,
assumptions about the wave dispersion and estimates of the
wave growth. We also make specific comments about CCE,
RPE and ADE.
Pair plasma
It is widely accepted that pulsar plasma, in the source region
of the radio emission, is dominated by pairs generated in
cascades through one-photon pair creation. We make the
following points.
• Models for the pair creation (e.g., Hibschman & Arons
2001; Arendt & Eilek 2002) suggest an intrinsically relativis-
tic spread in energies, 〈γ〉 between a few and about ten in its
rest frame K of the plasma. Implicit or explicit assumptions
that the plasma is cold or nonrelativistic, 〈γ〉 − 1 ≪ 1 in K
can be seriously misleading concerning the wave properties,
compared with 〈γ〉 − 1 & 1.
• We argue that the default choice for the distribution
with 〈γ〉 − 1 & 1 should be a Ju¨ttner distribution. However,
the properties of the wave dispersion are sensitive to 〈γ〉
but not to the form of the distribution (Melrose & Gedalin
1999).
• Models for the pair creation also suggest a highly rel-
ativistic bulk streaming speed, e.g., γs of order 10
2–103 in
the pulsar frame K ′. We argue that such streaming should
be included by applying a Lorentz transformation to the
distribution function in K.
• The widely favored choice of a relativistic streaming
Gaussian distribution (7) is incompatible with any Lorentz-
transformed distribution. Any model for a streaming dis-
tribution obtained by Lorentz transforming a given distri-
bution in the rest frame is much broader than a Gaussian
distribution for γs ≫ 1.
• The separation condition, for a beam distribution with
bulk Lorentz factor γb to be separated in momentum space
from a background distribution at rest, is γb > 2〈γ〉
2 for
equal number densities and γb & 10〈γ〉 for a weak beam
(RMM2).
Formation of beams
The formation of the beams invoked to explain wave growth
through a beam-driven instability is usually attributed to
non-steady pair creation leading to separate clouds of pairs
producing a beam when faster particles from a trailing cloud
over take slower particles in a leading cloud. In §3.2 we dis-
cuss one specific model for such overtaking and argue that it
encounters an overwhelming difficulty: the overtaking time
is so long that the cloud has propagated out of the magne-
tosphere before any beam forms. In Appendix A we develop
a kinetic-theory model to describe this effect and associated
fractionization, which is usually ignored, raising other poten-
tial difficulties with beam formation in such multiple-cloud
models. Despite these difficulty seemingly ruling out any
form of beam-driven wave growth, we ignore it and proceed
to discuss possible wave growth, simply postulating that ap-
propriate beams exist.
Wave properties
The properties of wave dispersion in a pulsar plasma are not
taken into account in some models for the radio emission.
We make the following points (RMM1).
• For 〈γ〉 − 1 & 1 and βA ≫ 1 there are no waves with
nonrelativistic phase speed z ≪ 1 (or group speed βg ≪ 1)
in K.
• For parallel propagation, subluminal, weakly-damped
L-mode waves exist for γφ & 6〈γ〉, A mode and X mode
waves have z = zA = βA/(1+β
2
A
)1/2 < 1; superluminal L mode
waves exist for all z > 1. For oblique propagation, the L mode
separates into the O mode for z2 & z2
A
+tan2 θ, which is purely
superluminal for θ > 1/βA, and the Alfve´n mode for z < zA,
which has a “turnover” branch for zA & z & zm.
• Resonant beam-driven wave growth is possible in prin-
ciple for a beam with γb & 6〈γ〉, allowing O mode waves
(with θ ≪ 1/βA) to grow for γb > βA and Alfve´n waves (on
the turnover branch) to grow for 6〈γ〉 . γb < βA.
Beam-driven wave growth
For further discussion, we assume that wave growth occurs,
and consider the growth rate in the most favored case of
parallel-propagating L mode waves (actually on the turnover
branch of the Alfve´n mode). We find the following.
• Beam-driven wave growth due to (a) primary particles
with γ of order 106–107 propagating through the secondary
pair plasma, and (b) relative motion between electrons and
positrons in the secondary plasma, are ineffective, due to the
growth rate being too small.
• In the widely favored multiple-cloud model, including
the older “multiple-sparking” model, in which pair creation
occurs in localized, transient bursts, resulting in clouds of
pair plasma, beam-driven growth is attributed to faster par-
ticles in a trailing cloud overtaking slower particles in a lead-
ing. Our critical examination of this model (§3.2) implies
that the conditions required for this multiple-beam model to
lead to significant wave growth are not plausibly satisfied.
We argue that this class of model is ineffective in generating
beams that cause wave growth.
• In a multi-cloud model, growth of both outward (+ case)
and inward (− case) propagating waves in K needs to be con-
sidered. On transforming to the pulsar frame K ′, in which
both are propagating outward, the frequency of the former
is too high for r/rLC < 0.1 and the frequency of the latter
is too low unless very close to the stellar surface, compared
with the observed range of pulsar radio emission.
• Effective growth requires a growth factor (number of
e-folding growths), G± ≫ 1, for either of these cases. We
estimate the growth factor in K ′ and find G+ ≫ G−, with
only G+ possibly satisfying this condition for a source at
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r/R∗ . 30. A proviso is that our estimates are made for
〈γ〉 = 10 and that both G± are larger for smaller values of
〈γ〉.
• The growth factor is proportional to the scalelength,
L ‖, of the gradient in the plasma frequency. In a smoothly-
varying model for the magnetosphere one has L ‖ = 3r/2. A
much smaller L ‖ applies to localized clouds, giving a much
smaller estimate of the growth factor.
CCE, RPE and ADE
Our critical assessment of the three favored radio emission
mechanism may be summarized as follows.
• CCE: In principle, maser and reactive versions of cur-
vature emission are possible, but are ineffective in practice.
The favored model of coherence, due to soliton formation,
relies on beam-driven wave growth, with a modulational in-
stability assumed to lead to soliton formation. Our argu-
ments that beam-driven growth is ineffective implies that
this form of CCE does not occur.
• RPE: The foregoing points lead to the conclusion that
effective beam-driven wave growth is not possible in a pul-
sar plasma. This excludes RPE as the pulsar radio emis-
sion mechanism. The least unfavorable case for beam-driven
wave growth is for inward-propagating (in K) wave on the
turnover branch of the Alfve´n mode. If such waves were to
grow, a second stage involving passive conversion into es-
caping radiation in the X mode or the O mode would im-
ply emission at a frequency that is arguably too low except
near pulsar surface. Large-amplitude versions of such grow-
ing waves would also be candidates for active conversion
through LAE of FEM, and then the frequency of the emit-
ted radiation is arguably too high.
• ADE: As with beam-driven growth, the resonance con-
dition for ADE requires subluminal waves, and the fact that
such waves exist only for γφ & 6〈γ〉, along with the esti-
mates in (2), implies that the frequency of ADE is too high
to explain all pulsar radio emission.
Our negative conclusions concerning the viability of the
versions of CCE, RPE and ADE discussed here as plausi-
ble generic pulsar radio emission mechanisms depend on a
number of assumptions. It is possible that one (or more) of
our assumptions is inappropriate and that changing it might
allow effective beam-driven wave growth, contrary to what
we find. We comment on some such possibilities.
First, it may be that the model we assume for the pulsar
magnetosphere and the pulsar plasma in it is incorrect. We
assume that the radio source is in the polar-cap region that
is populated by relativistically outflowing pair plasma. As
already remarked, it has recently been suggested that the ra-
dio source may be beyond the light cylinder (Philippov et al.
2019; Lyubarsky 2019), in which case our arguments are not
directly relevant.
Second, we assume that the plasma is intrinsically rela-
tivistic, streaming at γs = 10
2–103 with a spread 〈γ〉 . 10 in
its rest frame. If the spread is not relativistic, 〈γ〉 − 1 ≪ 1,
then our arguments based on there being no wave modes
with nonrelativistic phase speed would change: beam-driven
growth would be possible under easily satisfied conditions,
such as for solar type III radio bursts. However, this seems
unlikely: the large spread is intrinsic to a pair plasma gen-
erated by pair cascades, and assuming 〈γ〉 − 1 ≪ 1 would
involve abandoning the long-standing assumption that the
plasma is generated by pair cascades (Sturrock 1971). Al-
though the pair-cascade model is based primarily on theo-
retical considerations, it remains the basis for the interpre-
tation of the emission at both gamma-ray and radio frequen-
cies (e.g., Pierbattista et al. 2015, 2016); abandoning it for
the radio emission is not a plausible option.
Third, we assume that beam formation is due to faster
particles in a trailing cloud overtaking slower particles in
a leading cloud, in a multiple-cloud model, and find that
for 〈γ〉 . 10 the overtaking takes an impossibly long time.
This time is reduced by assuming 〈γ〉 ≫ 10, but this would
be inconsistent with models for the pair creation. To avoid
this negative conclusion some other assumption for effective
beam formation is required.
Fourth, we argue that the choice of a streaming dis-
tribution should be based on Lorentz transforming a plau-
sible rest-frame distribution, and that this greatly reduces,
compared with a relativistically streaming Gaussian (RSG)
distribution, the growth rate of instabilities. This constraint
would be relaxed if there were a physical argument in favor
of a RSG distribution.
Fifth, in estimating growth factors, G±, for outward and
inward propagating waves in K, both of which are propa-
gating outward in K ′, we assume that in both ± cases the
wave frequency is the same ω ≈ 1.5〈γ〉1/2ωp. We find that
G− is too small to lead to significant growth, and that G+
could imply effective growth. The frequency, ω′
+
= 2γsω of
the outward propagating wave is too high to be relevant for
most radio emission. This high frequency could be reduced
by arguing for a smaller value of ωp, for example due to
multiplicity κ ≪ 105, but this would reduce G+ by the same
factor, implying ineffective growth.
9 CONCLUSIONS
Our analysis of various aspects of models for beam formation
and beam-driven wave growth leads us to conclude that they
encounter overwhelming difficulties. In particular, this con-
clusion implies that none of the currently favored emission
mechanisms is viable as the generic pulsar radio emission
mechanisms. The suggested mechanism CCE and RPE are
based on beam formation and transfer of energy through
a beam-driven plasma instability that generates subluminal
waves. It is these basic processes that we find not to be
viable. An alternative emission mechanism that involves su-
perluminal waves would avoid these difficulties. We discuss a
model based on this alternative in an accompanying paper.
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Figure A1. Schematic diagram of the trailing cloud f ′
2
(t′
02
, x′, u′),
streaming velocity β2, forming at the stellar surface after the tail
of the leading cloud f ′
1
(t′
02
, x′, u′), streaming velocity β1, is a dis-
tance L′
0
+ h′
0
from the stellar surface. The trailing cloud forms
at time t′ = t′
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during which the leading cloud has broadened by
∆x′(t′
02
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APPENDIX A: DISTRIBUTION
PROPAGATION
We assume that a leading cloud f ′
1
(t′, x′, u′) of length L′
0
and (bulk)
streaming Lorentz factor γ1 is formed at the stellar surface. A
trailing cloud f ′
2
(t′, x′, u′) of length L′
0
and streaming Lorentz fac-
tor γ2 is formed at the stellar surface once the slowest particle in
the leading cloud is a distance L′
0
+ h′
0
from the stellar surface.
Figure A1 shows a schematic diagram of this scenario. The clouds
lengthen as they propagate as discussed below.
We treat the propagation of the particle clouds using the 1D
Vlasov equation in the absence of collision and external forces. In
the pulsar frame we have, for i = 1, 2,
∂ f ′
i
∂t′
+ cβ′
∂ f ′
i
∂x′
= 0, (A1)
where f ′
i
= f ′
i
(t′, x′, u′) is the particle distribution, t′ is the time,
x′ is the position, measured from the stellar surface, and u′ = γ′β′
is the particle 4-speed. We assume that the plasma is initially
distributed as
f ′
i
(t′0i, x
′, u′) =
[
H(x′) − H(x′ − L′0)
]
g′
i
(u′), (A2)
where t′
0i
is the time cloud i is created, g′
i
(u′) is the Ju¨ttner dis-
tribution and H(x′) is the unit step function.
The standard deviation of gi (u) in the rest frame of the
plasma, denoted as σi , is given by σ
2
i
= 〈(u − 〈u〉i )
2 〉i = 〈γ
2 〉i − 1,
where 〈Q〉i denotes the average of quantity Q over distribution
gi (u), with 68.23%, 95.45% and 99.73% of the particles in dis-
tribution i within σi , 2σi and 3σi of 〈u〉i = 0, respectively. Let
ui± = ±3σi = ±3(〈γ
2 〉i − 1)
1/2 then in the pulsar frame we have
u′
i± = γi±γi (βi± + βi ). We truncate the Ju¨ttner distribution i so
that particles with u′
i+
(u′
i−) are the fastest (slowest) particles of
the cloud in the pulsar frame. The maximum travel distance avail-
able to particles within r/rLC ≤ 0.1 is Lmax ∼ 3R∗(1−10
2), as seen
in Figure 5, which corresponds to maximum allowed travel time
t′
i±,max ∼ Lmax/cβ
′
i± for fastest and slowest particles, respectively,
where
β′
i± =
βi + βi±
1 + βiβi±
. (A3)
Solving (A2) using method of characteristics gives
f ′
i
(t′, x′, u′) = f ′
i
(t′
0i
, x′ − cβ′(t′ − t′
0i
), u′), i.e. f ′
i
(t′, x′, u′) remains
unchanged along the characteristic curves x′ = cβ′(t′ − t′
0i
) + x′
0i
,
where x′
0i
= x′(t′ = t′
0i
). Thus we have
f ′
i
(t′, x′, u′)=
[
H(x′ − cβ′(t′ − t′0i )) − H(x
′ − cβ′(t′ − t′0i ) − L
′
0)
]
g′
i
(u′).
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Figure A2. Contour plots of f ′
i
(t′, x′, u′) for ρ = 1, γi = 10
2 for
a travel distance of 300R∗. The two solid curves indicate the left
and right edge of the plasma column for particles with 4-speed u′
and the thin dotted lines joining them indicate contours lines at
u = −3σi . . .+3σi . The height of f
′
i
(t′, x′, u′) at these contour lines
is shown schematically by the dotted curve on the left; which is
the Ju¨ttner distribution g′
i
(u′).
(A4)
We set t′
01
= 0 which implies that t′
02
= (L′
0
+h′
0
)/cβ′
1−
. In particular,
two particles with velocities β′
1
, β′
2
which are initially separated by
∆x′
0
become separated by a distance
∆x′(∆t′) = c(β′1 − β
′
2)∆t
′
+ ∆x′0, (A5)
after a travel time of ∆t′.
A1 Fractionation
In an initially homogeneous plasma column propagating outward
in the pulsar magnetosphere, faster particles travel a greater dis-
tance than slower particles during the same period of time. This
effect is enhanced by longer travel time and greater spread in
energy within the distribution. This results in fractionation of
the plasma distribution. Significant levels of fractionation would
invalidate the assumption of a homogeneous plasma.
Consider the slowest particles, β′ = β′
i−
, and the fastest par-
ticles, β′ = β′
i+
, in cloud i starting at the surface of the pulsar. In
the time it takes the fastest particles to travel Lmax, the slowest
particle falls behind by ∆x′(t′
+,max) = (1−β
′
i−
/β′
i+
)Lmax ≈ Lmax(γ
′2
i+
−
γ′2
i−
)/2γ′2
i+
γ′2
i−
, where the approximation applies for γ′
i±
≫ 1. We
caution that the assumption γ′
i−
≫ 1 may not necessarily be sat-
isfied when the spread in energy is large. Therefore, cloud i has
a length of L′
0
+ ∆x′(t′
+,max) by the time its fastest particles reach
r/rLC = 0.1. Asseo & Melikidze (1998) stated that for pulsars one
has h′
0
∼ 102m and L′
0
∼ (30−40)h′
0
∼ (3−4) × 103m. We choose
nominal values of h′
0
= 102m and L′
0
= 3.5 × 103m. Figure A2
shows contour plots of f ′
i
(t′, x′, u′) for ρ = 1, γi = 10
2 for a travel
distance of 300R∗. The two solid curves indicate the left and right
edge of the plasma column for particles with 4-speed u′ and the
thin dotted lines joining them indicate contours lines, from bot-
tom to top, at u = −3σi . . . + 3σ. The height of f
′
i
(t′, x′, u′) at
these contour lines is shown schematically by the dotted curve
on the left; which is in fact the Ju¨ttner distribution g′
i
(u′). The
initial length of cloud i is L′
0
= 0.35R∗ = 3.5 × 10
3 m and the fi-
nal cloud length is ≈ L′
0
+ 1.7R∗ ≈ 2 × 10
4 m corresponding to 5.7
times the original cloud length. The additional 1.7R∗ length of
the column is independent of the initial length L′
0
implying that
the level of fractionation is greater for shorter plasma columns.
As evident from Table A1 the level of spatial lengthening of the
distribution increases with both decreasing γi (i.e. longer travel
time) and decreasing ρ (i.e. greater spread in energy).
An important consequence of this spatial lengthening of the
γi ρ ∆x
′(t′
+,max) (m) Percentage increase
102
1 1.7 × (102−104) 4.9 × (100−102)
0.1 9.3 × (103−105) 2.7 × (102−104)
103
1 1.7 × (100−102) 4.9 × (10−2−100)
0.1 1.1 × (102−104) 3.1 × (100−102)
Table A1. Value of ∆x′(t′) for various values of γi and ρ at t
′
=
t′
+,max.
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0
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Figure A3. As in Figure A1. The circles denote particles in the
two clouds as discussed in the text.
distribution is fractionation of an initially homogeneous cloud.
For example, in the case shown in Figure A2 only particles with
0.12 < u′/ui < 0.15 may be found at the center of the cloud.
This effect is enhanced (diminished) for longer (shorter) travel
distances and larger (smaller) spread of particle energies. The
assumption that the plasma is homogeneous can become invalid
as the cloud propagates in the pulsar magnetosphere for some
parameter values.
A2 Cloud overlap
In the pulsar frame, the background plasma is assumed to prop-
agate with Lorentz factor γs ∼ 10
2−103 (Arendt & Eilek 2002).
The separation condition implies that the beam must have γb &
10〈γ〉 in the rest frame of the background (Rafat et al. 2019b;
Rafat et al. 2019c). This corresponds to the beam propagating
with Lorentz factor γr ≈ 2γsγb & 2 × (10
3−104)〈γ〉 in the pulsar
frame. We identify the background with the slower leading cloud
g′
1
(u′) and the beam with the faster trailing cloud g′
2
(u′) so that
γ1 ∼ 10
2−103 and γ2 & 20γ1 〈γ〉 & 4 × (10
3−104) ≫ γ1.
In the rest frame of the background, one may have the beam
travelling in either direction; only the separation in energy is im-
portant. In the pulsar frame, one may then freely assume that
the beam is either the slower or the faster cloud. We assume the
cloud is the faster of the two for the sake of simplicity.
Whether the trailing cloud is able to overtake the leading
cloud is subject to our definition of overlap between the two
clouds. We consider two cases: (1) particles travelling with bulk
outflow speed, β′ = β2 in the trailing cloud catch up to particles
with bulk outflow speed, β′ = β1, in the leading cloud; and (2)
the fastest particles in the trailing cloud with β′ = β′
2+
catch up
to particles with bulk outflow speed β′ = β1 in the leading cloud.
In case (1), we require particles with velocity β2 at the lead-
ing edge of the trailing cloud, denoted by the black circle in Fig-
ure A3, to catch up with particles with velocity β1 in the trailing
edge of the leading cloud, denoted by the gray circle, which are
at a distance cβ1t
′
02
= (L′
0
+ h′
0
)(β1/β
′
1−
) from the stellar surface
so that their initial separation is (β1/β
′
1−
)(L′
0
+ h′
0
) − L′
0
. The par-
ticles in the trailing cloud catch up to the particles in the lead-
ing cloud after a distance [(β1/β
′
1−
)(L′
0
+ h′
0
) − L′
0
]/(β2/β1 − 1) is
travelled by the latter particles. We may approximate this dis-
tance as 2γ2
1
[h′
0
+ (L′
0
+ h′
0
)(1−γ′2
1−
/γ2
1
)/2γ′2
1−
] & 2γ2
1
h′
0
, where we use
γ2 ≫ γ1 ≫ γ
′
1−
. It is clear that the distance required is greater
than 300R∗, the upper limit for emission height (Mitra 2017), for
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γ1 & 1.2 × 10
2. The minimum distance required is 200R∗ which
is much larger than the emission height of most pulsars. Cloud
overlap is therefore not possible in this case.
In case (2), we require particles with velocity β′
2+
in the trail-
ing cloud, denoted by the black circle in Figure A3, to catch up
with particles with velocity β′
1−
in the leading cloud, denoted by
the white circle. The trailing cloud catches up to the leading cloud
after a distance h′
0
/(β′
1−
/β′
2+
− 1) is travelled by the trailing parti-
cles. As in case (1), we may approximate this distance as & 2γ′2
1−
h′
0
,
where the approximate form applies for γ′2
2+
≫ γ′2
1−
≫ 1. In this
case cloud overlap is possible for most pulsars except for those
where Lmax is small.
A2.1 Cloud overlap implications
As discussed above, cloud overlap in the sense where the distribu-
tions lie on top of each other is not possible for two reasons: (1)
relativistic streaming causes distributions to elongate (and frac-
tionate) at different rates depending on the streaming Lorentz
factor and energy spread; and (2) the distance required for over-
lap of bulk of the plasma far exceeds relevant emission heights
in pulsars. Overlap in the sense that the slowest particles in a
leading cloud is overtaken by the fastest particles in a trailing
cloud is possible – but not for all pulsars and pulsar parameters.
Overlap in this sense relies on elongation of distributions due to
relativistic effects.
There are two difficulties that arise. First, in the tail of the
leading cloud, plasma number density can be much smaller than
the number density of the rest of the cloud. The nature of the
plasma wave supported by the cloud is then altered in the tail
– at the very least the plasma frequency is changed significantly.
Second, it is most likely that the two clouds have similar number
densities in their respective rest frames. As such, the leading edge
of the trailing cloud will have a much larger number density than
the tail of the leading cloud. Even if a plasma wave is supported
by the tail of the leading cloud, the dispersion behaviour of the
plasma will be dominated by the trailing cloud once it catches
up. Therefore, the leading cloud cannot be considered the ‘back-
ground’ plasma and responsible for dispersion properties with the
trailing cloud acting as a ‘beam’ and perturbing the dispersion
properties of the background.
The second difficulty appears to be resolved if one considers
the trailing cloud to be the background with the tail of the leading
cloud acting as a beam. In this scenario, the portion of the tail
of the leading cloud that is overlapping with the trailing cloud is
very narrow in energy. This implies that it may be possible, in
principle, for wave growth to occur through reactive instability.
The bulk of the plasma in the pulsar frame is to propagate with
streaming Lorentz factor ∼ 102−103. The requirement that the
two clouds are separated in energy (RMMb,c) would necessitate
very slow moving leading clouds. The possibility of such slowing
moving clouds as well as actual possibility of reactive instability
need further investigation. Kinetic instability is not viable for
plausible pulsar parameters.
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